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I. Introduction

Mean-variance (MV) analysis provides the theoretical foundation for modern portfolio
construction, and real-world portfolio management is rarely unconstrained. Institutional
mandates, regulatory requirements, and client guidelines often impose a variety of constraints,
including those related to factor characteristics such as environmental, social, and governance
(ESG) scores, valuation ratios, liquidity measures, or momentum exposures. Such constraints
play an important role in institutional investing, especially in sustainable finance, where investors
are often required to control or target the ESG profile of the portfolio. Recently,|Lo and Zhang
(2025) demonstrate that constraints may contain information correlated with asset returns and can
therefore affect portfolio performance.

In general, the MV optimization framework assumes that the mean vector and covariance
matrix of asset returns are known. In practice, however, these parameters are rarely available and
have to be estimated. The standard plug-in approach first estimates these parameters from
historical data and then substitutes the estimates into the optimal portfolio weights as if they were
the true parameters. As a result, the plug-in portfolio may deviate substantially from the truly
optimal portfolio and exhibit significant deterioration in out-of-sample (OOS) performance. This
phenomenon, commonly referred to as estimation risk, has long been recognized as a central
challenge in portfolio construction.

Earlier studies have devoted considerable effort to mitigating estimation errors and
enhancing OOS performance in portfolio management, including works by Kalymon (1971),
Klein and Bawa|(1976)), and Klein and Bawa| (1977), among others. One important line of

research develops improved estimators for unknown model parameters (Jorion (1986), (1991),



Ledoit and Wolf (2004), (2017)), while another explores additional constraints to improve OOS
performance, such as no-short-sale (Jagannathan and Ma (2003)) or norm constraints (DeMiguel,
Garlappi, Nogales, and Uppal (2009)). More recently, a growing literature addresses estimation
risk by designing rules that maximize expected OOS utility rather than in-sample optimality,
often through weighted combinations of existing portfolio rules (e.g., Kan and Zhou (2007), Tu
and Zhou (2011), DeMiguel, Martin-Utrera, and Nogales| (2013)), (2015)), Kircher and Rosch
(2021), Bodnar, Okhrin, and Parolya (2023), [Kan, Wang, and Zhou| (2022}, Lassance,
Vanderveken, and Vrins| (2024b), Lassance, Martin-Utrera, and Simaan (2024a), Huang, Wei, and
Weng| (2024)), Kan and Lassance (2025)).

While most of this literature focuses on combinations of two constituent portfolios in
unconstrained settings, we advance this framework by designing combination strategies that
mitigate estimation risk within a constrained expected OOS MV optimization framework. Given
that constraints reduce the effective degrees of freedom, mitigating estimation risk in the
constrained framework generally requires combining more constituent portfolios than in the
unconstrained setting. Meanwhile, because the number of combination coefficients increases with
the number of constraints, there is a trade-off between the flexibility gained from including
additional constituent portfolios and the estimation error associated with estimating more
combination coefficients. To balance this trade-off and preserve analytical tractability, we restrict
our focus to two constraints: the full-investment constraint, which requires the portfolio weights
to sum to one, and a factor exposure constraint, which requires the portfolio’s exposure to a factor
vector, such as ESG scores or other firm-level attributes, to meet a prespecified target. Factor
characteristics are treated as given at the portfolio formation stage, since they are typically

observed when the investment decision is made.



We begin by analyzing the population-optimal portfolio under the MV optimization
framework with the aforementioned constraints, and show that it separates into three constituent
portfolios: a weight-constrained portfolio, a factor-constrained portfolio, and a zero-weight-factor
portfolio. Building on the three-fund separation, we propose a combined three-fund rule whose
constituent portfolios are derived from the components of the plug-in version of the
population-optimal portfolio. The structure of these three constituent portfolios is designed to
maintain analytical tractability while satisfying the full-investment constraint automatically and
leaving two combination coefficients to be determined.

Because the combined portfolio depends on the realized sample, imposing a pointwise
factor constraint, which requires the portfolio factor exposure to equal the target in every
realization, generally makes constant combination coefficients infeasible. We therefore impose
the factor constraint in expectation and derive the optimal combination coefficients by
maximizing expected OOS MV utility under this constraint. The resulting coefficients depend on
four key parameters, and we study two sets of estimators for them: sample estimators and
sophisticated estimators. Under the sample estimators, the variance of the portfolio factor
exposure is invariant to the target level, which means that varying the target shifts only the
expected exposure without affecting its variability across estimation windows. Under the
sophisticated estimators, the implementable combined portfolio interestingly satisfies the
pointwise factor constraint, even though the optimization is formulated in expectation.

Compared with the combined two-fund portfolio of Kan et al. (2022), our combined
three-fund portfolio introduces an additional constituent portfolio associated with the factor
vector, so that the two-fund portfolio is nested as a special case of our framework. Whereas Kan

et al. (2022) maximize the expected OOS MV utility under the full-investment constraint alone,



we maximize it subject to an additional expected factor constraint. Although the combined
three-fund portfolio benefits from the additional constituent portfolio, the additional factor
constraint offsets part of the gain. Theoretically, we characterize the target factor level at which
the utility gain over the two-fund rule is the largest, and derive the range of target factor levels
over which our framework attains a higher expected OOS utility.

To accommodate investors with varying preferences over factor exposure, we further
consider the expected OOS MV utility maximization framework by imposing the expected factor
constraint as an inequality, which allows the expected portfolio factor exposure to exceed a
prespecified target. We derive the optimal combination coefficients analytically and identify a
threshold for the target factor exposure. Below the threshold, the inequality constraint is inactive
and the expected OOS utility remains at its unconstrained level. Once the target exceeds the
threshold, the constraint binds, and both the optimal coefficients and the utility coincide with
those under the equality constraint.

Furthermore, we provide two criteria for choosing the target factor level in an equality
constraint: the first requires the constrained portfolio to retain a prespecified fraction of the
maximum utility attainable by the unconstrained combined portfolio, and the second allows a
prespecified absolute utility concession. Either criterion yields an explicit range of admissible
targets centered at the threshold. An investor who favors a high factor exposure, such as an ESG
investor, can choose the highest target in this range.

We apply the proposed framework to ESG investing, where our extensive simulation and
empirical studies provide evidence on the effectiveness of the combined portfolios in mitigating
estimation risk while accommodating the objective of meeting portfolio ESG score targets.

Overall, the proposed combination approach offers ESG investors a practical way to account for
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estimation risk in constrained portfolio construction, improving OOS performance while ensuring
the attainment of target portfolio ESG scores.

Specifically, our numerical studies yield the following empirical findings for constrained
portfolio management. First, the proposed combined portfolios consistently outperform the
plug-in portfolios in terms of expected OOS MV utility, often by a substantial margin. Second,
while the inequality-constrained formulation provides conceptual flexibility by permitting
expected factor exposures to exceed the prespecified target, its practical implementation
introduces additional estimation error in determining whether the constraint binds. Consequently,
the equality-constrained portfolios generally achieve higher expected OOS utility, even at target
levels where the constraint is theoretically nonbinding. The inequality formulation only regains its
theoretical utility advantage when the risk aversion coefficient in the MV formulation is
extremely high, or, as demonstrated in our empirical study, within smaller investment universes
where overall estimation risk remains less severe. Finally, compared to traditional ESG-unaware
strategies, which yield uncontrolled and volatile realized ESG scores across varying asset
universe sizes, our proposed framework successfully anchors portfolios to factor target levels
while delivering higher OOS performance in the large majority of cases when the two are
compared at comparable ESG levels.

Having outlined our proposed methodology and its empirical efficacy, it is important to
explicitly position our contributions relative to recent developments in constrained MV
optimization, most notably Chavez-Bedoya and Castaneda (2024) and 'Wu, Lu, and Yang (2026).
While these recent studies also address estimation risk under constraints, their approaches differ
fundamentally from ours. Specifically, while Chavez-Bedoya and Castaneda (2024) extend the

expected OOS utility framework to general equality constraints, their method of scaling



theoretical components by constants inherently violates the original constraints under sample
estimates. Moreover, their work lacks simulation or empirical validation, and omits guidance for
target level selection. By contrast, our framework accommodates both equality and inequality
constraints, ensures that implementable strategies satisfy the target factor exposure in every
realization under sophisticated estimators, and provides explicit criteria for choosing the target
factor level.

Furthermore, while [Wu et al. (2026)) analyze a high-dimensional regularized plug-in
portfolio under asymptotic settings by treating factor scores as random variables, our approach
relies on exact finite-sample distributions to construct a combined portfolio rule that treats the
factor as given. Fundamentally, their strategies remain plug-in portfolios by formulation, whereas
our combined portfolios are optimized by maximizing expected OOS MV utility. Moreover, while
the ESG score constraint is the only one in their formulation, our proposed combined portfolio
additionally incorporates the full-investment constraint.

The remainder of the paper is organized as follows. Section [[I| develops the constrained
MYV framework and derives the three-fund representation. Section |[IIlintroduces the combined
portfolio and studies its expected OOS properties. Section [[V|derives the optimal combination
coefficients under expected factor constraints and develops implementable portfolio rules.
Section|[V]presents the simulation and empirical results for the ESG application. Finally,

Section |VI concludes the paper. All proofs are provided in Appendix |A] and additional numerical

results are reported in Appendix



II. Constrained Mean-Variance Framework

Consider an investor allocating wealth among N > 2 risky assets over a single period to

maximize classical MV utility (Markowitz (1952)). Let 7 = [ry,...,rx|" denote the asset return
vector, 8 = [$1,...,S N]T the associated firm characteristic vector (e.g., ESG score, P/E ratio,
momentum), and w = [wy, ..., wy| ' the portfolio weights.

From the perspective of Lo and Zhang (2025), portfolio constraints may contribute either
positively or negatively to portfolio return and utility when the characteristics underlying the
constraints are correlated with asset returns. Accordingly, constraints can embed economically
meaningful information, and recognizing this information has important implications for
performance analysis, such as understanding how investment strategies like ESG-based allocation
affect portfolio efficiency. In practice, investors observe the characteristic vector s at the time of
portfolio construction, whereas future asset returns are unknown. We therefore consider the
portfolio optimization problem that treats s as given, and assume that the asset return vector r
given the characteristic vector follows a multivariate normal distribution with a mean vector

p € RY and a covariance matrix 3 € RV*¥

of full rank. Assume that g is not collinear with 1,
where 1 is an N-dimensional vector of ones, and that ¥ is a symmetric positive definite and thus
non-singular matrix.

We start by examining the problem formulation under no estimation risk. The first
constraint we consider is the full-investment constraint w ' 1 = 1. The second is a factor exposure

T

constraint associated with the characteristic vector of the form w ' s = 5, where 5 is the target

level of factor exposure. Accordingly, the MV utility maximization problem subject to both the



full-investment and factor constraints is formulated as follows?!]

(1) max Ulw) :=w' p— %wTZw,
s.t. w's = s, w'l = 1,

where v > (0 is a risk aversion coefficient.

The problem in equation (1)) can be seen as a special case of the general MV problem with
multiple linear equality constraints recently studied by |(Chavez-Bedoya and Castaneda (2024)).
The theoretical solution can be recovered from their general results through specific matrix
operations, and we report the resulting solution and its decomposition in Lemma (1| below for
completeness. While the analysis of the theoretical solution to the problem in equation (I]) is not
the ultimate objective of the present paper, establishing this explicit three-fund separation tailored
to our specific two-constraint setup is a necessary precursor for us to design desirable combined
portfolios under estimation risk.

While we focus on the equality constraint here, we extend our analysis to include an
inequality factor constraint in a later section when accounting for estimation risk. Additionally, to

facilitate our exposition throughout the paper, we define the matrix

Q=X"1s1" —1s")n7!,

which, along with its sample counterpart, is used extensively in our derivations.

!Given that we focus on a single-period optimization, we do not consider modeling the investor’s preferences as

being state non-separable, time non-separable, or both.



Lemma 1. Under the assumption that 17 Qs # 0, the optimal portfolio for the problem in

equation is

m

1
() w, ., = W, + 5w, + —w,,
f‘y

where the three constituent portfolios are defined as follows:

Qs 01
= — we = -
17Qs’ 17Qs

1TQu)X1s — (s"Qu)x 11

3 a
¢ w 17Qs

cand w,=X"'p —

Furthermore, the three constituent portfolios satisfy the following properties:

1. w, solves min, w' Xw subject to w's=0andw'1l =1;
2. w, solves min, w' Tw subject to w's=1landw'l = 0;

3. w, satisfies w,) s = 0 and w1 = 0.

According to equation (2)), investors are advised to hold 100% of w,, while the exposures
to w,. and w, depend on the target factor level s and risk aversion coefficient . Furthermore,

T T

Lemmaindicates that w] s = 1 whereas w, s = w/ s = 0, and thus, the overall factor exposure

of the optimal portfolio w},, is determined solely by the allocation to w..

III. Estimation Risk and Combination Rules

In practice, implementing the optimal portfolio in equation (2 requires estimating the
unknown parameters g and 3. Suppose we observe 1" periods of historical asset returns,
{7ry,...,rr}, where r; is the N-dimensional return vector in period ¢, fort = 1,..., T, and
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T > N + 3. Assume that {7y, ..., 7} are independent and identically distributed, and each
follows a multivariate normal distribution with mean vector p and covariance matrix 3. Then, it
is well known that the sample mean g and sample covariance matrix 3 are independent of each

other, with distributions given by:

where NV (p, X /T) denotes the multivariate normal distribution with mean g and covariance
matrix X /7", and Wy (T — 1, X) represents the Wishart distribution with 7" — 1 degrees of
freedom and scaling matrix 3.

The plug-in portfolio, denoted by w,,,, is obtained by replacing the true parameters g and
3} in equation (2) with their sample counterparts g and 3, respectively. While readily
implementable, the plug-in approach overlooks the detrimental impacts of estimation errors in the
unknown parameters, which leads to substantial deterioration in OOS performance relative to the
truly optimal portfolio w;, .

To mitigate the estimation risk inherent in the plug-in portfolio, we focus on a widely
studied class of investment strategies known as combined portfolios. In the existing literature, the
components of a combined portfolio are typically the same as those in the plug-in portfolio, with
combination coefficients determined under specific optimization frameworks (e.g., Kan et al.
(2022)). While a natural starting point is a direct weighted combination of the three components
of the plug-in portfolio w.,,, the complex structure of these constituents renders the analytical

evaluation of their expected OOS performance intractable. In view of this challenge, we propose
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the following configuration for the combined portfolio:

“4) W, = Wy + 0w, + fws,

where § and (3 are two constant combination coefficients, and the constituent portfolios are

withY =31 —32-11178-1/178 11,

By construction, the first two constituent portfolios (w, and w,) are the plug-in global
minimum variance portfolio and a plug-in zero-investment portfolio, which are exactly the
components of the combined two-fund rule studied by |[Kan et al. (2022). The third
zero-investment constituent portfolio, w,, directed by the factor vector s, is introduced to
accommodate the factor constraint. Because w, 1 = 1 while w1 = w, 1 = 0, the combined
portfolio automatically satisfies the full-investment constraint (w_ 1 = 1) for any choice of § and
B. The factor exposure constraint is deliberately left unrestricted at this stage. It will be formally
enforced in Section [[V| when optimizing the combination coefficients. Furthermore, this
configuration can recover the plug-in portfolio w,,, through a specific pair of coefficients ¢ and /.

It is worth contrasting our design in equation () with the framework of (Chavez-Bedoya
and Castaneda (2024)). Their approach separates the theoretically optimal solution into two parts
and scales their plug-in versions directly, which inherently violates portfolio constraints. In
contrast, our constituents w,, w., and w, are deliberately engineered to circumvent this issue. As

shown above, this construction strictly preserves the full-investment constraint automatically,
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leaving the combination coefficients ¢ and /3 free to be optimized subject to the expected factor
exposure target.

To facilitate the evaluation of the expected OOS MV utility for the combined portfolio w..
in subsequent sections, we derive the analytical expressions for its expected return, expected

factor exposure, and expected variance in Proposition (1| below.

Proposition 1. ForT' > N + 3, we have

(5) E[w, p] = pig + k1607 + k1505,
Ew, 8] = s + k1662 + k1862,

Efw,

Cc

S| = kiks[o) + Tka (5267 + 52605 4 20303) + ka(N — 1)6%],

where ky =T/(T — N —1), ke =T/[(T — N)(T' — N —3)], ks = (' —2)/T, and

(6) 02 =pn' Y, 02 =p'Ys, 02 = s'Ys,
9 1 pn'3 sT® 11
04, = ) Hg = ) Hs = )
9 17211 71TE1 1711

with Y =¥~ - 2-11175-1/1T8 11,

Additionally, we compute the variance of the factor exposure, w, s, in Proposition

which will be utilized in our subsequent analysis.
Proposition 2. The variance of w_ s is given by

2

(7) Var[w,/s] = k62 % + 6% koky + ko (6207 + 202 + 26862) | + (Thy — k?) (362 + 562)*.

C
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IV. Optimization with Expected Factor Constraints

In this section, we determine the optimal combination coefficients for the combined
portfolio w, in equation (4) by adopting the expected OOS MV utility optimization framework of
Kan and Zhou (2007). We first derive the optimal combined portfolio under an equality factor
constraint, formulate its implementable version, and then extend our analysis to an
inequality-constrained framework to accommodate more flexible factor exposure preferences.

Finally, we provide explicit criteria to guide the selection of the target factor level.

A. Optimal Combined Portfolio

For the factor exposure target, a natural starting point is to impose a pointwise equality
constraint, as in the problem under no estimation risk discussed in Section|Il}, i.e., w, s = 3.
However, because the constituent portfolios in w. are estimated from historical data, they are
inherently random. Consequently, no constant coefficients J and [ can satisfy this strict equality
almost surely across all sample realizations, which renders the pointwise constraint infeasible. To
circumvent this issue, we relax the pointwise requirement and instead enforce the factor
constraint in expectation. Assuming investors mandate that their portfolio’s average factor

exposure exactly matches a prespecified target s, we impose the strict equality constraint

E[w, s] = 5. This leads to the following expected OOS MV utility maximization problem:

®) max Bl pl — LEqw, S,
5,8 2
s.t E[w,s] =3
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The optimal combination coefficients for the problem in equation (8) can be obtained using the
method of Lagrange multipliers. The result is summarized in Proposition [3, where we use the
subscript ‘E’ to denote the optimal combination for the equality-constrained formulation in
equation (8)), distinguishing it from the inequality-constrained case that will be studied in a later

section.

Proposition 3. The optimal combination coefficients 03, and 3, that solve the problem in

equation (8)) are given by

_ 0303

2 Cx =
) 5t = _k1‘92 B+ (us — 3)
")/kgng

102 ’

and [ =

where D = T(020% — 03) + 02(N — 1). The corresponding optimal combined portfolio is

(10) Wy = w, + W, + fpws.

Our constrained three-fund formulation introduces a structural trade-off relative to the
two-fund framework of |[Kan et al. (2022). On the one hand, introducing the third constituent w,
expands the feasible set, which inherently enhances the maximum achievable utility. On the other
hand, imposing the expected factor constraint restricts this set, penalizing the utility. Proposition 4]
evaluates this net effect by deriving the exact difference in expected OOS MV utility between our

constrained three-fund portfolio and the unconstrained two-fund benchmark.

Proposition 4. Let wj, denote the optimal two-fund portfolio for the unconstrained utility

maximization problem in|Kan et al.|(2022)). Then the difference in expected OOS MV utility
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o . : e
between w? j, defined in equation (10) and W}, is

’7[€2]€3T 3 klé’g(N — ].)2

D Ay =B[UwLp)] - BUG)] = — 5 (5 -89 + ot

where A =T07 + N — 1 and

k103
(12) 5 = s ZEy
N K + ’)/k?QngT

The utility difference Ay in equation is a concave quadratic function of the target
factor level 5, and is maximized at 5*. Consequently, 5* represents the expected factor exposure of
the optimal three-fund portfolio when the factor constraint in equation (8) is absent. Any target
deviation (5 # 5*) penalizes the utility difference by an amount proportional to (5 — 5*).
Meanwhile, given A > 0 and D > 0, the second term in equation is non-negative and
represents the maximum achievable utility gain of the three-fund portfolio over the two-fund
benchmark. This gain is strictly positive whenever 03 = p" Y's # 0. This demonstrates that the
structural advantage of including the third constituent w; is fundamentally driven by the
alignment between the expected asset return vector and the factor vector.

Based on the utility difference established in Proposition |4, Corollary |I{below formalizes
the conditions under which our constrained three-fund portfolio dominates the unconstrained

two-fund benchmark.
Corollary 1. We have the following assertions:
1. A non-empty dominance region {5 : Ay > 0} exists if and only if 05 # 0.

2. When 03 # 0, the optimal three-fund portfolio outperforms the optimal two-fund portfolio

15



in Kan et al.| (2022)) if and only if

(N — 1)k [6262

(13) |5 — 5" <

Corollary (1| provides important economic intuition for the dominance region. If the factor
characteristic is uninformative with respect to the asset returns (/3 = 0), the peak 5* reduces to
s, and the three-fund portfolio offers no utility gain over the two-fund benchmark (A < 0).
However, when 6’% # 0, the dominance region forms a symmetric interval around 5*.
Economically, a wider interval implies that the factor component is highly informative and allows
the investor to sustain a broader range of target exposures without sacrificing utility relative to the

unconstrained two-fund portfolio.

B. Implementable Combined Portfolio

In practice, the optimal combination coefficients in Proposition [3|are not directly
implementable because they depend on four unknown population quantities: 67, 63, 63, and 1. To
construct an implementable portfolio, a natural approach is to estimate these parameters by
substituting the sample mean vector and sample covariance matrix into their theoretical

expressions, yielding the following sample estimators:
(14) 9? =0'Yh, ég =4 Ys, é§ =s'Ys and ji, = PR SETE

However, these sample estimators can exhibit significant bias, especially when 7" is small

relative to IV (e.g., Kan and Zhou (2007)). We therefore also consider what we refer to as
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sophisticated estimators, namely analytically bias-adjusted estimators for 6%, 63 and 03
constructed using the distributional properties of their sample counterparts. Additionally, due to
the difficulty in obtaining a sophisticated estimator for 14, we opt to keep the sample estimator for
this quantity. Unlike 62, 02 and 2, the sample estimator for ;. is unbiased.

The sophisticated estimator for 67 as suggested by Kan et al. (2022) is given by

~

~ T—-N-1)6—-(N-1 2(02)° 5 (1 + 62)~5°
(152) g2 — ( )07 — ( ), (03) 7= (1+63) |
T T B 462 ((N —1)/2,(T = N +1)/2)
where B, ( = Jo y* 11 — )~ ! dy denotes the incomplete beta function. The first term in

equation (15a) is the unbiased estimator of 0%, while the second term provides an additional
adjustment for a small estimation window 7'. Note that 0? is always positive, unlike the unbiased

estimator of 67. We also derive the following sophisticated (unbiased) estimators for 63 and 63

. T—-N-1;

~ T—N-—-1.
(15b) 03 = TQ% and 93: - - -

G
A detailed derivation of these two unbiased estimators is provided in Appendix

Therefore, after obtaining estimates of the four unknown quantities 62, 93, «9%, and ps, we
substitute them into the optimal combination coefficients to obtain implementable versions of the
optimal combined portfolio w? ; in equation (L0). Let 45 and 35 denote the combination
coefficients estimated with the sample estimators in equation (14), and dp and (g those estimated
with the sophisticated estimators in equation (15)). The corresponding implementable combined
portfolios are W..p = W, + 5E'Lbz + BEwS and W p = w, + SE'liJZ + BE’LZJS, respectively. We

summarize two notable properties of these implementable portfolios in Proposition
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Proposition S. For the implementable portfolios of W, we have the following assertions:

1. When the sample estimators in equation (14)) are employed, the variance of the realized

portfolio factor exposure, Var|w, s8], is invariant to the target factor level 5.

2. When the sophisticated estimators in equation (15)) are used, the portfolio factor exposure

satisfies the constraint pointwise: W, ;s = 5.

While the formal proof is detailed in Appendix the mathematical mechanics driving
the results in Proposition [5|can be outlined as follows. First, for w,. 5 constructed using the
sample estimators, the portfolio factor exposure, 'Li;cT S, 1s a linear function of the target factor
level 5 with a constant slope. As a result, varying s changes the expected level of the portfolio
factor exposure, but does not affect its variability across estimation windows. Second, when the
sophisticated estimators are used, the resulting portfolio w.. g eliminates this variability
altogether, satisfying the pointwise constraint w, ;s = 5 exactly for every estimation window.
This remarkable cancellation is driven by the structural unbiasedness of 6’3 and 9~§ Specifically,
because one combination coefficient is derived from the other via the expected factor constraint,
the bias adjustments in the sophisticated estimators cause the relevant sample terms to cancel out
perfectly when evaluating w_ s, and leave only the target level 5. Therefore, although the
optimal combined portfolio was originally derived under the expected constraint
E[(w} ;)" s] = 5, the implementable portfolio based on the sophisticated estimators,

interestingly, satisfies the corresponding pointwise factor constraint.
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C. Extension to an Inequality Factor Constraint

To accommodate investors who only require a minimum factor threshold, we relax the
strict equality to an inequality constraint. This formulation strictly expands the feasible set,
potentially enhancing the maximum achievable utility. Accordingly, we consider the following

generalized optimization framework:

(16) max B[] u] - JE[b] S,
B 2
s.t E[w, s] > 5

We solve the optimization problem in equation (16)) using the Karush—-Kuhn-Tucker conditions.

The result is summarized in Proposition [6]

Proposition 6. The optimal combination coefficients ¢} and [} that solve the problem in

equation (16) are given by

B ¢=>0,
17) ;=0 and p; =

(N-1)63

ko ¢ <0,

where ( = —[k105 + VkoksT (s — 5)]/(k102). The corresponding optimal combined portfolio is

(18) W, ; = W, + 0w, + frws.

Proposition [6] shows that the parameter ¢ determines whether the inequality constraint
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binds. In particular, the condition ¢ = 0 is equivalent to 5 = s*, where s* is the peak factor

exposure defined in equation (12). Corollary [2|formalizes this structural relationship.

Corollary 2. By the condition ( = 0, we obtain the peak factor exposure s* defined in

equation (12). Furthermore, we have the following assertions:

T

ol

1. If 5 < 5%, the optimal combined portfolio W’ ; in equation satisfies E[(w? ;)" s] >

ol

2. If 3 > &%, the optimal combined portfolio W ; in equation (18)) satisfies E[(w?* ;)" s] =

Corollary [2| provides a clear economic interpretation of the optimal strategy. When 5 < 5*
(equivalently, ¢ < 0), the unconstrained portfolio naturally achieves a factor exposure that
exceeds the investor’s minimum requirement. Consequently, the constraint is inactive, and the
portfolio allocation is driven entirely by the standard trade-off between expected OOS mean and
variance. Conversely, when s > 5* (equivalently, ¢ > 0), the investor demands a factor exposure
at least as high as what the unconstrained optimum provides. The constraint becomes binding,
forcing the optimal solution to the boundary of the feasible set, thereby reducing the problem

exactly to the equality-constrained framework studied in Section

D. Selection of the Target Factor Exposure

To guide the practical selection of the target factor exposure 5, we provide two criteria that
explicitly quantify the trade-off between the chosen target and its associated utility cost. Let Uy,
denote the maximum expected OOS MV utility attainable by the combined portfolio in
equation (4) in the absence of the factor constraint. This unconstrained maximum is achieved

when the constraint is inactive (¢ < 0 in Proposition[6), corresponding exactly to the peak
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exposure 5%, and can be computed as follows:

. Voo ki [TOR(0165 — 6) + (N — 1)65)]
Uine == ElU(w.)| = py — =kik
max B{U ()] = 1y = 5haksoy + 2 kgksTD

Furthermore, the expected OOS MYV utility under the equality factor constraint can be computed

and expressed as

Tkok
(19) E[U ()] = Unne — oan® (5 — 5°)%.

The second term of equation is the utility cost of the target. It is zero at s = 5* and increases
with the distance from 5*.

By specifying an acceptable utility threshold, the investor can determine the
corresponding admissible range for the target factor exposure from equation (19). We define this
threshold using two practical criteria: a relative criterion that requires the portfolio to retain a
prespecified fraction « (e.g., 90%) of the unconstrained maximum U, and an absolute criterion
that permits a maximum utility concession d. Proposition [/|formalizes the exact target range

under each criterion.
Proposition 7. We provide the following two criteria to guide the choice of the target 5:

1. Suppose Uyye > 0 and let o € [0, 1]. Then E[U (W} )] > a Uy if and only if

L 2k1603(1 — a)Uppe
20 -5 < .
( ) |S 5 | - \/ ’)/k’gk’gT

Furthermore, equality holds in equation if and only if E[U (W} p)] = @ Upe-
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2. For any utility concession d > 0, E[U(w} ;)] > Uunc — d if and only if

o | 2k162d
21 -5 <y —.
( ) |S 5 | - ’)/k’gk‘gT

Furthermore, equality holds in equation if and only if E[U (W} p)] = Uune — d.

The intervals for § derived in Proposition [7]encompass all factor targets that satisfy the
specified utility range. Because the utility function in equation is symmetric around the peak
exposure 5%, the two endpoints of each interval yield exactly the minimum acceptable utility
(either alUype o1 Uyne — d), while any interior target yields a utility strictly above it. A purely MV
investor indifferent to the factor would simply maximize utility by selecting the interior peak 5*.
In contrast, an investor with directional factor preferences will gravitate toward the boundaries to
maximize or minimize exposure subject to their utility budget. For instance, an investor seeking
high factor exposure, such as the ESG-motivated investor in Pedersen, Fitzgibbons, and Pomorski
(2021)), will select the upper endpoint. Under the relative criterion with o = 0.90 in equation (20,
this upper bound represents the maximum attainable factor exposure that still preserves 90% of
the unconstrained maximum utility. Conversely, an investor seeking to minimize exposure will
select the lower endpoint. In the limiting case where the investor demands maximum utility
without compromise (o« = 1 or d = 0), the interval collapses exactly to the unconstrained
optimum 5*.

Furthermore, Corollary [I|can be interpreted as a special case of the absolute criterion in
Proposition [/} Specifically, if the maximum permissible utility concession d is set to be the
constant term in equation (L), the acceptable utility threshold Uy, — d coincides exactly with the
benchmark utility E[U (wj)]. Consequently, enforcing E[U (W} )] > Uune — d guarantees that the
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proposed three-fund portfolio achieves an expected utility no lower than that of the two-fund
benchmark (i.e., Ay > 0). Substituting this specific d into equation and excluding the two
endpoints recovers the exact interval previously derived in equation (13)). At the boundaries of this

interval, the three-fund and two-fund portfolios deliver identical expected OOS MV utility.

V. Numerical Studies for ESG Applications

In this section, we apply the proposed constrained MV framework to ESG investing by
defining the factor vector s as the assets’ ESG scores. We evaluate performance using both
simulated data under the multivariate normality assumption to verify theoretical properties, and

real market data to demonstrate practical OOS efficacy.

A. The Setup and Portfolio Strategies

While we illustrate our methodology using ESG investing, the proposed framework
accommodates any quantitative firm characteristic. Accordingly, we treat the factor scores as
given and do not analyze subjective investor preferences. Furthermore, while ESG ratings often
exhibit dispersion across rating agencies (see, for example, Berg, Koelbel, and Rigobon| (2022),
Avramov, Cheng, Lioui, and Tarelli (2022), Luo, Shan, Yan, and Yan| (2023), among others), we
do not address this underlying disagreement. Rather, we assume that the investor adopts a specific
agency’s ratings as a benchmark and uses these scores consistently throughout the portfolio
construction process.

-

Given a portfolio w, we measure its aggregate ESG profile as the weighted average w ' s,

with higher scores indicating better alignment with sustainability practices. For assets held in long
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positions, their ESG scores positively contribute to the portfolio ESG score. Conversely, holding
an asset in a short position acts as a bet against that company’s sustainability. Consequently, we
assume that the investor mandates this aggregate exposure to meet a prespecified target level s,
where a higher 5 indicates a stronger ESG preference.

We now detail the portfolio strategies evaluated in our numerical studies. While the
previous theoretical analysis relies on the sample covariance matrix of asset returns, practical
implementation often benefits from adopting shrinkage estimators of the covariance matrix. We

consider the linear shrinkage estimator of Ledoit and Wolf (2004) here, while relegating results

using the nonlinear shrinkage estimator of Ledoit and Wolf (2020) to Appendices [B.2.4|and [B.3.2|

for the simulation and empirical studies, respectively.

Using the linear shrinkage estimator Siw, where the subscript LW stands for|[Ledoit and
Wolt (2004)), we construct two sets of parameter estimators for the optimal combination
coefficients. First, substituting 31w and the sample mean vector f into equation (6] yields the
shrinkage sample estimators:

Ty-1
s Yiwl

(22) éiLW = ﬂTYLWﬂa ég,LW = ﬂT?LWSa 9§,Lw = STYLWS and fis1w = P

where Tryw = f)gvlv — f]g\}vlleli\,lv / lelgvlvl. Second, we replace the sample estimators in
equation (13)) with the above shrinkage sample estimators to obtain a set of shrinkage

sophisticated estimators:

(23) éiva ég,LW and ég,LW‘
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We retain the shrinkage sample estimator for y4 rather than introducing a separate sophisticated
counterpart.

For benchmark portfolios, we consider the plug-in portfolios of equation (2)) alongside
ESG-constrained portfolios located on the MV efficient frontier (EF). Reconciling the EF
portfolios with the ESG constraint represents a recognized approach to mitigating estimation risk
relative to the globally optimal portfolio (Simaan| (2014), Lassance| (2022)). Imposing the target

T

w,;s = 5 on the theoretical EF portfolio wef = w,, + cw, directly yields ¢ = (5 — p,)/63. For our

numerical studies, we adopt the implementable version:

(24) wef = wg + éwm

where ¢ = (5 — fi5)/02. We deliberately employ the sample estimator 62, rather than the
sophisticated 02, to guarantee that w,; satisfies the constraint w_s = 5 pointwise across every
estimation window. We define the shrinkage counterpart w’" analogously.

Table|l| summarizes the portfolio strategies evaluated in our numerical studies. Panel A
reports the oracle combined portfolios, which are based on true optimal combination coefficients
computed from the true p and 3, as given in Propositions [3|and [6] These portfolios are feasible
only in the simulation study and serve as theoretical upper bounds on the performance of the
combined portfolios. Panel B summarizes the implementable combined portfolios constructed
using four sets of estimators: the sample estimators in equation (14), the sophisticated estimators
in equation (13)), the shrinkage sample estimators in equation (22)), and the shrinkage
sophisticated estimators in equation (23)). Panel C lists the plug-in portfolios of equation (2)) and

the ESG-constrained EF portfolios. Furthermore, Panel D outlines the ESG-unaware baseline
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portfolios: the two-fund portfolio i, of Kan et al. (2022), and its shrinkage counterpart w:" .

They do not utilize ESG scores in their portfolio construction.
[Insert Table [[]approximately here]

Finally, it is worth making a brief remark regarding the shrinkage-based strategies in
Table |1} Although replacing the sample covariance matrix with its shrinkage counterpart in the
constituent portfolios improves practical performance (Kan et al. (2022), Huang et al. (2024)), it
renders the exact analytical derivation of the optimal combination coefficients and the expected
OOS utility intractable. To circumvent this, we follow the pragmatic approach of Kan et al.
(2022). We retain the functional forms of the combination coefficients derived under the sample
covariance matrix (Propositions [3|and[6]), and apply the shrinkage covariance matrix to both the
constituent portfolios and the combination coefficients in the numerical implementation (Sets 3
and 4 in Panel B of Table[I)). The same convention also applies to the portfolios wi" and w3 .
Furthermore, the mathematical properties regarding the realized portfolio factor exposure

presented in Proposition |5|remain valid under this substitution.

B. Simulation Study

For the simulation study, we calibrate model parameters using empirical data from the
constituents of the Dow Jones Industrial Average (DJ30) as of November 8, 2024. Specifically,
we obtain annual ESG scores from Reﬁniti via Wharton Research Data Services (WRDS)
spanning the ten-year period from 2014 to 2023. Because data for Honeywell International Inc. is

unavailable via WRDS, we exclude this asset, thereby reducing the investment universe to

2We use Version 2 (V2) of the Refinitiv ESG Scores accessed via Wharton Research Data Services.
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N = 29 stocks (listed in Appendix [B.1). We compute the time-series average of the ESG scores
for each asset, with summary statistics reported in Table 2| In our numerical experiments, we treat

these historical averages as the deterministic factor vector s for portfolio construction.
[Insert Table [2|approximately here]

In addition to the ESG data, we obtain monthly adjusted closing prices for these 29 stocks
from January 2014 to December 2023 to compute monthly returns. We calculate monthly excess
returns by subtracting the one-month Treasury bill rate, sourced from Kenneth R. French’s Data
[Library. From these excess returns, we compute the sample mean vector and sample covariance
matrix, which we then treat as the true population parameters (¢ and 32) for the data-generating
process in our simulation study.

To evaluate the OOS performance of implementable combined portfolios, we simulate
M = 10,000 sets of T' x N asset excess returns, each generated from the multivariate normal
distribution parameterized by the calibrated population mean g and covariance matrix 3. We set
the estimation window length to 7" = 120. For each simulated set of 7" x N returns, we compute
the sample mean and sample (or shrinkage) covariance matrix, and then use them to construct the
corresponding implementable portfolios. The risk aversion coefficient is set to v = 5.

Furthermore, we illustrate the selection of the target ESG exposure within our simulation
framework. At the population parameters (¢ and ¥J), the unconstrained maximum expected OOS
MV utility is Uy, = 0.0318, and the peak exposure is 5% = 0.2889 Tablereports the

admissible intervals for 5 derived from equation (20) across various proportional thresholds « for

3Because short selling is permitted, the portfolio-level ESG score is not bounded by the minimum and maximum

individual asset scores reported in Table
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the relative criterion in Proposition [/, alongside the corresponding maximum permissible utility
concession d = (1 — a)Uy,, for the absolute criterion. While an ESG-motivated investor naturally
selects the upper endpoint to maximize factor exposure, our analysis also reports the lower
endpoints. Specifically, we evaluate both bounds for o € {0.98,0.99}, and additional upper
bounds for o € {0.80,0.90,0.95}. As established, the interval collapses precisely to $* when

a = 1. Finally, note that the target levels in Table [3|are derived explicitly for the equality
constraint. Under the inequality formulation, any target below s* (the lower endpoints) renders
the constraint inactive, allowing the portfolio to trivially attain the unconstrained maximum utility

Uunc .

[Insert Table [3|approximately here]

1. The Portfolio ESG Scores

Because the constraints in the optimization problems in equations (8)) and (16) target the
expected portfolio ESG exposure, we evaluate the empirical distribution of the realized ESG
scores in our Monte Carlo simulation. For any implementable portfolio w, let w,, denote its
realization in the m-th simulated sample for m = 1,2, ..., M. We compute the cross-sample

average and standard deviation of the portfolio ESG scores as follows:

2

— BS,)?

M

m=1 m=1

These quantities estimate the expectation E[w " s] and the standard deviation +/Var[w " s],
respectively, and thus provide information on both the average level and the variability of
portfolio ESG scores across simulated samples.
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[Insert Table @ approximately here]

Table |4{reports the average portfolio ESG scores and their standard deviations (in
parentheses) across the target ESG levels s listed in Table |3| Panel A presents the expected values
and standard deviations for the oracle combined portfolios, computed directly from the analytical
expressions in Propositions [1|and [2| using the population parameters. Panel B reports the
corresponding Monte Carlo estimates for the implementable portfolios using equation (25]). The
differences between Panels A and B primarily reflect estimation risk, as the implementable
portfolios rely on estimated rather than true optimal combination coefficients. The portfolios from
Panels C and D of Table (1| are omitted from this tabulation for two reasons. First, the plug-in
portfolios (Panel C) satisfy the factor constraint pointwise by construction, and hence, their
realized ESG scores equal the exact target level in every simulated sample. Second, the
ESG-unaware portfolios (Panel D) are invariant to the target level. Specifically, the two-fund
portfolios wy and w}" achieve average ESG scores of 0.3671 (standard deviation 0.212) and
0.5308 (standard deviation 0.120), respectively.

From Table 4] we can draw three key observations regarding the variability and expected
level of the portfolio exposures. First, under the equality-constrained formulation, the standard
deviations reported in Panel B are substantially smaller than those in Panel A. This occurs
because Panel A reflects the inherent variability of the oracle portfolio at the population level,
whereas Panel B evaluates implementable portfolios constructed sample by sample. Specifically,
the estimated combination coefficients force the realized portfolio ESG score to remain tightly
anchored to the target, which reduces cross-sample dispersion of ESG scores. Under the

inequality-constrained formulation, the standard deviations are also far below those in Panel A at
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high target levels, where the constraint always binds. However, at low targets, the
sample-dependent nature of the binding condition introduces an additional source of variation.
For example, the standard deviation of w..; can exceed its oracle counterpart (0.199 versus 0.179
at 5 = 0.1090).

Second, within each set in Panel B, the implementable equality-constrained portfolios
(e.g., w. g and w, g) consistently exhibit a smaller standard deviation in their ESG scores than
their inequality-constrained counterparts (e.g., w..; and w..;). Furthermore, as established in
Proposition |3} the standard deviations for w..x (Set 1) and w>Y (Set 3) are invariant to the target
5. Conversely, the portfolios based on the sophisticated estimators, w..p (Set 2) and @?‘g (Set 4),
match the target exactly in every simulated sample, so their standard deviations are zero.

Third, Panel A of Table [ reveals a clear shift in the ESG scores for the
inequality-constrained portfolio w? ;. The shift is governed by the sign of the parameter (, as
discussed in Proposition[6] or equivalently, the relative magnitude of s to 5*, as shown in
Corollary [2| When the target s lies below the peak exposure s* = (0.2889, the inequality constraint
is inactive, and the expected portfolio ESG score of w} ; remains constant. When the target
reaches or exceeds the threshold (s > 5), the constraint binds at the boundary and w}, ; coincides
with w5, so their expected portfolio ESG scores match. In the oracle setting, ¢ is known for any
given target. By contrast, for the implementable combined portfolios, ¢ must be estimated, and
the estimation error can be severe enough to reverse its sign. Thus, whether the equality- and
inequality-constrained implementable portfolios differ becomes a sample-dependent event.

In our simulation, the equality- and inequality-constrained implementable portfolios differ
predominantly at low target levels and increasingly converge as the target rises. Table in
Appendix corroborates this by reporting the proportion of the M = 10,000 simulated
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samples where the estimated ( is negative (i.e., where the two portfolios diverge). As the target 5
increases, this proportion decays toward zero. This convergence is also reflected in Panel B of
Table 4, where the gap between the average ESG scores of the two portfolios narrows at higher
targets. Furthermore, when the estimated ( is negative, the implementable inequality-constrained
portfolio w.. ; generally delivers a higher ESG score than its equality-constrained counterpart
w,. g (proof provided in Appendix |A.12). Consequently, across all scenarios in Table 4} w,. s

consistently achieves an average ESG score at least as high as that of w,..g.

2. Out-of-Sample MV Ultilities

We evaluate the various portfolios by examining their expected OOS MV utilities. For any
implementable portfolio w, the utility is estimated by averaging over the M simulated samples:
26 EU, = (~T _ ~T2~m),
(26) Z Wb — 5 W, X

M

m=1

where the cross-sample averages of w, p and w,’ b, estimate the theoretical expected OOS
mean E[w " p] and variance E[w ' Xaw], respectively.

Table [S|reports these estimated OOS MV utilities across the evaluated portfolios. For the
oracle combined portfolios in Panel A, the expected OOS means and variances are computed
directly from the analytical expressions in Proposition |1} which are then used to calculate the
exact OOS MV utilities. For the implementable portfolios in Panels B and C, the expected utilities
are estimated using the cross-sample average in equation (26). For completeness, the underlying

expected OOS means and standard deviations are detailed in Appendix [B.2.3]

[Insert Table [5|approximately here]
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The ESG-unaware portfolios are omitted from Table |5|because their performance is
invariant to the target ESG score. Under the population parameters, the two-fund portfolio of |Kan
et al. (2022) achieves an expected OOS MV utility of 0.0315, and yields a dominance interval of
(0.1578,0.4200) for the target ESG score, as theoretically discussed in Corollary 1| This implies
that, for any target 5 within this interval, the oracle equality-constrained portfolio w ; strictly
outperforms the two-fund benchmark. This interval maps to a maximum permissible utility
concession of d = 0.0003, or equivalently, a proportional threshold of o ~ 0.99, for the criteria
established in Proposition

This theoretical dominance largely extends to the implementable portfolios. The
implementable two-fund portfolio yields an average utility of approximately 0.03 under both the
sample and shrinkage covariance matrices. For any 5 within the dominance interval, our
combined three-fund portfolios (Sets 1-3) deliver comparable or strictly superior performance.
The relative underperformance of Set 4 likely occurs because the sophisticated estimators are
explicitly designed to correct sample bias. Applying them to the shrinkage covariance matrix,
which is already inherently bias-corrected, results in excessive over-shrinkage of the combination
coefficients.

We draw three key observations from Table [5| First, in Panel A, the utilities of the two
oracle portfolios vary with the target 5 in exact accordance with our theoretical predictions (see
also Figure B.1]in Appendix [B.2.2). At the peak exposure 5* = 0.2889, both portfolios attain their
maximum expected OOS utility. When 5 < 5%, the inequality constraint is inactive, so the utility
of w} ; remains flat at its unconstrained maximum, whereas w, ;, is forced to adhere to the

equality constraint and delivers a lower utility. When 5 > 5%, the inequality constraint binds, and
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thus the expected utilities of w ; and w} ;, are the same. This confirms that forcing the target
ESG score beyond the unconstrained peak entails a utility reduction.

Second, the implementable combined portfolios in Panel B generally exhibit lower
utilities than their oracle counterparts in Panel A, yet they substantially outperform the
benchmark portfolios in Panel C. Rare exceptions arise at the target levels farthest from 5*, where
the implementable portfolios in Sets 1 and 3 actually attain slightly higher utilities than the oracle.
This counterintuitive result is likely driven by two factors. Primarily, at extreme targets (e.g.,

5 = 0.8579), the realized ESG scores of these implementable portfolios fall short of the target and
lie closer to the optimum 5* (e.g., 0.8139 for Set 1 and 0.8188 for Set 3, as seen in Table 4).
Because the utility cost is quadratic in the distance from s*, this estimation error paradoxically
improves utility. Furthermore, Set 3 applies the shrinkage covariance matrix to its constituent
portfolios, which organically reduces estimation error and pushes its utilities above Set 1 across
all target levels, making these exceptions more frequent. Broadly, the proposed three-fund
framework successfully prevents the catastrophic OOS deterioration seen in the benchmark
approaches, such as ., whose utilities collapse to the order of —103.

Third, within Panel B, the implementable equality- and inequality-constrained portfolios
(w..p and w..;) exhibit distinct utility dynamics. As discussed in Section M, these differences
manifest in simulated samples where the estimated parameter ( is negative. We detail the exact
mathematical difference in OOS utility between these two formulations in Appendix
Because this difference depends on a complex interaction of parameters (including the risk
aversion coefficient, the number of assets, and the estimation window length), neither portfolio
uniformly dominates the other across all scenarios. To quantify this numerically, Table in
Appendix [B.2.1|reports the proportion of simulated samples where .. g attains a higher OOS
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MYV utility than w. ;, conditional on the two portfolios differing from each other. The results
demonstrate that w,.g delivers a higher utility in the majority of these scenarios, particularly at
relatively high target ESG scores. Consequently, the average OOS utility of the implementable
w,. g generally exceeds that of w, ;, as observed directly in Panel B of Table [5]

Additionally, we examine alternative risk aversion coefficients (y € {3, 10}) and
estimation windows (7" € {60, 240}), and report the corresponding utilities in Appendices
and respectively. While the equality-constrained formulation dominates for v = 3 and 5,
the inequality constraint regains its theoretical advantage at nonbinding target levels when the risk
aversion coefficient is extremely high (v = 10). The estimation window, in contrast, affects the
absolute level of the utilities but preserves the relative ranking of the estimator sets in the majority
of cases. A shorter window (1" = 60) amplifies estimation risk, thereby lowering the utilities of all
implementable combined portfolios (with Set 3 delivering the most robust performance).
Conversely, a longer window (7' = 240) mitigates this risk, raising their utilities and causing the

performance of the four estimator sets to largely converge.

C. Empirical Study

While our simulation study relies on 29 constituents of the Dow Jones Industrial Average,
our empirical analysis evaluates portfolio performance across a much broader investment
universe. Specifically, we consider up to 100 major stocks selected from the S&P 500 (listed in
Appendix B.I)). To construct this universe, we rank the S&P 500 constituents by their market
capitalization as of 2024 and select the top 100 stocks that possess complete historical price and

ESG data. We obtain annually updated ESG scores from Refinitiv via WRDS covering the period
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from 2013 to 2023. To prevent look-ahead bias, we apply the ESG score updated at the end of
calendar year ¢t — 1 to all portfolio construction throughout the subsequent investment year ¢.
Accordingly, we focus the investment analysis on the period from 2014-01-01 to 2024-12-31.

We obtain weekly adjusted closing prices for these stocks and calculate weekly returns as
the relative price changes between consecutive weeks. The corresponding excess returns are
calculated by subtracting the weekly Treasury bill rate, sourced from Kenneth R. French’s data
library. The use of weekly data strikes a balance between data availability and estimation
reliability. Compared to monthly data, weekly observations provide a larger effective sample size
for estimating portfolio rules and evaluating OOS performance, while remaining less susceptible
to market microstructure noise and short-term trading frictions than daily data. Although
requiring a complete data history facilitates implementation, it inherently introduces survivorship
bias. However, because our primary objective is the relative comparison of different portfolios
evaluated on an identical dataset, we expect that this bias will not materially affect our main
conclusions.

We employ a rolling-window approach with an estimation window of 7" = 120 weeks.
Starting from week 7' + 1, we use the preceding 7" weeks of returns to compute the necessary
sample mean vectors and sample (or shrinkage) covariance matrices, which are then used to
construct the implementable portfolios for the subsequent week. To form the estimation window
for the first investment week in 2014, we incorporate historical returns dating back to 2011-09-19.
More generally, if X denotes the total number of weeks in the sample period, this rolling-window
procedure yields X — 7' realized OOS weekly returns for each portfolio. Results utilizing
alternative window lengths (7" € {60, 240}) are reported in Appendix W

We construct implementable portfolios across various universe sizes: N € {6, 10, 15, 25,

35



35,55, 75,100}, where each case uses the top N stocks listed in Table The risk aversion
coefficient is fixed at 7 = 5. We present results utilizing the linear shrinkage covariance matrix, as
it delivers the highest certainty equivalent returns in nearly every scenario. Corresponding results
using the sample and nonlinear shrinkage covariance matrices are deferred to Appendix [B.3.2]
Furthermore, results for v € {3, 10} are provided in Appendix [B.3.3]

We begin by examining the empirical distribution of the ESG scores for the
implementable combined portfolios. For each strategy, we compute the cross-window average and
standard deviation of its realized ESG scores. Table 6] reports these results across three target ESG
levels: 5 € {0.5630,0.7018,0.8059}, selected via the relative criterion established in
Proposition [/} Because each asset universe size N defines its own unconstrained peak 5* (and
consequently, its own implied target levels), we anchor our target selection at N = 25 to ensure a
standardized comparison across all universe sizes. Using the full-sample moments of the asset
returns (2011-09-19 to 2024-12-31) and the time-series average of the annual ESG scores
(2013-2023) as fixed inputs, we obtain these three targets as the upper endpoints of the interval

defined in equation (20) evaluated at o € {0.99,0.95,0.90}.

[Insert Table [] approximately here]

We draw three key observations from Table [6] First, the average ESG scores of the
implementable equality-constrained portfolios (w5' and w5'Y) are consistently lower than those
of their inequality-constrained counterparts (w-% and w™Y), except for a single tie at N = 100
when 5 = 0.8059. This aligns with theoretical expectations, as the inequality formulation allows
the portfolio to exceed the target 5. Second, the impact of estimation error on the combination

coefficients becomes increasingly pronounced as the asset universe size /N expands. For relatively
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small universes (e.g., N € {6, 10}), the average ESG scores of w"% remain tightly anchored to
the target 5. Conversely, for larger asset universe sizes (e.g., N € {75,100}), heightened
estimation risk causes a wider divergence between the realized average score and the target.
Third, across the vast majority of scenarios, the average ESG scores of w? and w2Y strictly
exceed the target s.

To evaluate empirical performance, we calculate the sample mean (/i,3) and sample
variance (62) of the OOS weekly excess returns over the X — 7" evaluation weeks for each
implementable portfolio w. We annualize these quantities by multiplying them by 52. The

annualized certainty equivalent return (CER) is then computed as:

The CER represents the guaranteed return, in excess of the risk-free rate, that an investor would
accept in lieu of taking on the risk associated with the portfolio w. Table 7] reports these
annualized CERs across all evaluated strategies. For completeness, the underlying annualized

average OOS returns and standard deviations are detailed in Appendix B.3.1]

[Insert Table[/|approximately here]

Several key observations emerge from Table[/| First, the implementable combined
portfolios consistently outperform the benchmark portfolios w2 and w3 across all asset
universe sizes and target ESG scores. While the benchmark ™" generally delivers higher
average returns, it is plagued by substantially larger standard deviations (see Appendix [B.3.1)). In

some cases, although the average return of w-" is roughly double that of the combined
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portfolios, its standard deviation is more than three times as large. This contrast becomes even
more pronounced as the number of assets increases. This suggests that the higher average returns
of wW are more than offset by the accompanying spike in volatility, which leads to a severe
deterioration in CER.

Second, comparing the portfolios in Table 7] reveals that those based on the sophisticated
estimators outperform their sample counterparts for asset universe sizes up to N = 55, with a
marginal exception at § = 0.8059, whereas the ordering generally reverses at N = 75 and 100. As
discussed in Section|[V.B.2, applying sophisticated bias corrections to an already-shrunk
covariance matrix results in excessive over-shrinkage. This empirical analysis reveals that this
detrimental double-adjustment effect becomes increasingly severe as the asset universe size [V
grows relative to the estimation window 7'. By contrast, when the standard sample covariance
matrix is used, the sophisticated estimators strictly deliver higher CERs than their sample-based
counterparts at every asset universe size, as reported in Table of Appendix [B.3.2]

Third, the performance comparison between the two constraint formulations separates
cleanly by asset universe size. The inequality-constrained portfolio w™Y attains higher annualized
CERs at every target level for N < 15, whereas the ordering reverses in favor of the
equality-constrained version w-". for N > 25. In theory, under the multivariate normality
assumption and in the absence of estimation risk in the combination coefficients, the optimal
combined portfolio w; ; should never underperform w, ;. The empirical deviation from this
theoretical result likely arises from two factors. First, real-world asset returns often exhibit heavy
tails or asymmetries that violate the multivariate normality assumption. Second, as we previously
discussed, the inequality-constrained portfolio relies on the estimated parameter ¢ to determine

the binding status of the constraint. The adverse impact of this specific estimation risk scales with
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dimensionality, which explains why the flexibility of the inequality constraint pays off only at
smaller asset universe sizes where the estimation error in the combination coefficients remains

less severe.
[Insert Table [8]approximately here]

For comparison, we also evaluate the performance of the ESG-unaware two-fund rules of
Kan et al. (2022), as reported in Table |8 Comparing these benchmarks against our proposed
ESG-constrained three-fund framework (Tables [6] and [7) highlights the distinct advantages of our
methodology in delivering both reliable sustainability control and superior OOS financial
performance. First, while the ESG-unaware rules (wy, and wp" ) attempt to optimize
unconstrained MV efficiency, their realized average ESG scores (Panel A of Table 8] are entirely
uncontrolled and fluctuate substantially across varying universe sizes /N. In contrast, our proposed
method successfully anchors the portfolio at or near the investor’s target exposure 5. Second,
because the ESG-unaware rules passively realize their average ESG scores without any
optimization control, we can evaluate our proposed methods at prespecified target levels (s) that
neatly bracket these passively realized scores. We focus this comparison on wE" since it yields
strictly better CERs than w;. We evaluate it against our equality-constrained shrinkage portfolios
(W and wY). As detailed in Panel C of Table 8} when evaluated at these bracketing target
levels, our portfolio w Y. achieves higher annualized CERs than w}" at every asset universe size,

except at the upper bracketing target for N = 75 and 100, while the portfolio w . falls short of

the benchmark in only a few cells.
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V1. Conclusion

This paper develops a constrained portfolio combination approach that mitigates
estimation risk while satisfying explicit factor exposure mandates. Building upon the three-fund
separation for the population-optimal portfolio, we design an implementable combined three-fund
rule that inherently preserves the full-investment constraint. Through the maximization of
expected OOS MV utility, we derive analytical combination coefficients under both equality and
inequality expected factor constraints. A central contribution of this framework is that the
proposed sophisticated estimators allow the implementable portfolio to satisfy the target factor
exposure pointwise in every realization, which effectively overcomes the operational infeasibility
of strict constraints under parameter uncertainty. Furthermore, we provide explicit utility-based
criteria to guide investors in selecting target factor levels.

Our simulation and empirical studies, illustrated through the lens of ESG investing,
confirm the practical efficacy of this methodology. The proposed combined portfolios consistently
deliver substantial improvements in expected OOS utility relative to standard plug-in and
efficient-frontier benchmarks. Importantly, our analysis reveals a structural trade-off in constraint
formulation. By avoiding the estimation noise associated with determining constraint boundaries,
the equality-constrained portfolio typically achieves superior OOS utility, even at target levels
where the constraint is theoretically nonbinding. The theoretical flexibility of the inequality
constraint translates into an empirical advantage only in smaller asset universes, or when the risk
aversion coefficient in the MV framework is extremely high. Ultimately, while demonstrated
using ESG scores, this paper provides an analytical framework for incorporating any quantitative

characteristic mandate into MV optimal portfolio management.
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TABLE 1

List of Portfolio Strategies

Panel A lists the oracle combined portfolios, and Panel B lists their implementable versions constructed from different sets of estimators. Panels C
and D list the benchmark portfolios and the ESG-unaware portfolios, respectively. ESG stands for environmental, social, and governance. The
subscripts c-F, c-1, mv, ef, and k indicate the equality-constrained combined portfolio, the inequality-constrained combined portfolio, the
mean-variance portfolio, the efficient-frontier portfolio, and the two-fund portfolio o[‘ . respectively. The superscript LW indicates

the use of the linear shrinkage covariance matrix of [Ledoit and Wolf (2004).

Notation Description

Panel A: Oracle Combined Portfolios (Simulation Only)

W pand W} optimal combined portfolios in equations and (18), respectively

Panel B: Implementable Versions of the Combined Portfolios W}, and w; ;

We g and W, g Set 1: apply sample estimators in equation (14)

We.p and W, 1 Set 2: apply sophisticated estimators in equation (15]

wW and WY Set 3: apply shrinkage sample estimators in equation

wW and wWY Set 4: apply shrinkage sophisticated estimators in equation

Panel C: Benchmark Portfolios

Wy and WEWY plug-in portfolios for equation (2 based on sample and shrinkage covariance matrices
Wer and mg}v plug-in portfolios for equation based on sample and shrinkage covariance matrices
Panel D: ESG-Unaware Portfolios

wy, and wpW plug-in portfolios for w}, of Kan et al. (2022) based on sample and shrinkage covariance

matrices, respectively
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TABLE 2

Descriptive Statistics of the ESG Scores of Components in DJ30

This table reports descriptive statistics of the environmental, social, and governance (ESG) scores of the 29 constituents of the Dow Jones
Industrial Average (DJ30) used in the simulation study. The ESG score of each stock is the time-series average of its annual Refinitiv ESG scores

from 2014 to 2023.

Average Smallest 25% Quantile Median 75% Quantile Largest
0.7336 0.5623 0.6868 0.7330 0.7682 0.9178
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TABLE 3

Target ESG Levels and Utility Concessions Implied by the Fraction « of U,

For each value of «, this table reports the corresponding target environmental, social, and governance (ESG) level 5, given by the endpoints of the
interval in equation @, and the corresponding utility concession d = (1 — a&)Uunc. The quantity Uyne denotes the maximum expected
out-of-sample mean-variance utility attainable by the combined portfolio without the factor constraint, evaluated at the population parameters of
the simulation study, and §* denotes the peak exposure, that is, the target ESG level at which the equality-constrained combined portfolio attains
this maximum utility. The first two columns are the lower endpoints for o = 0.98, 0.99, the third column is 5* attained at o = 1, and the

remaining columns are the upper endpoints for o = 0.99, 0.98, 0.95, 0.9, 0.8.

Lower Endpoint 5* Upper Endpoint
o 0.98 0.99 1.00 0.99 0.98 0.95 0.90 0.80
5 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
d 0.0006 0.0003 0 0.0003 0.0006 0.0016 0.0032 0.0064
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TABLE 4

The Average Portfolio ESG Scores in the Simulation Study

This table reports the average portfolio environmental, social, and governance (ESG) scores and their standard deviations (in parentheses) for
different target ESG levels 5. The subscripts ¢-E and c-1 indicate the equality- and inequality-constrained combined portfolios, respectively, and
the superscript LW indicates the use of the linear shrinkage covariance matrix of |Ledoit and Wolf (2004). The differences between Panels A and B
reflect the estimation error in the two combination coefficients. Consistent with Proposition the standard deviations of the ESG scores of w..g

and ﬁ)ﬁ“g’ in Sets 1 and 3 are invariant to the target level, while w. g and wg‘g in Sets 2 and 4 attain the ESG target pointwise, with zero standard

deviation.
s 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
Panel A: Oracle Combined Portfolio
W g 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
(0.189) (0.186) (0.179) (0.173) (0.172) (0.169) (0.169) (0.171)
w; 0.2889 0.2889 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
(0.179) (0.179) (0.179) (0.173) (0.172) (0.169) (0.169) (0.171)

Panel B: Implementable Combined Portfolio
Set 1: Apply the Sample Estimators in Equation (14)

Weg 0.2522 0.2917 0.3871 0.4825 0.5220 0.6005 0.6889 0.8139
(0.011) (0.011) (0.011) (0.011) (0.011) (0.011) (0.011) (0.011)
We-1 0.3718 0.3901 0.4446 0.5129 0.5447 0.6125 0.6944 0.8154
(0.158) (0.144) (0.112) (0.081) (0.070) (0.051) (0.034) (0.020)
Set 2: Apply the Sophisticated Estimators in Equation (T3)
We-g 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
0.0 0.0 0.0 0.0 0.0 0.0) 0.0 0.0
We.g 0.3266 0.3401 0.3894 0.4645 0.5028 0.5888 0.6969 0.8589
(0.199) (0.185) (0.145) (0.102) (0.085) (0.056) (0.032) (0.013)
Set 3: Apply the Shrinkage Sample Estimators in Equation (22)
'Li)i‘\g 0.2571 0.2966 0.3920 0.4874 0.5270 0.6054 0.6938 0.8188
(0.007) (0.007) (0.007) (0.007) (0.007) (0.007) (0.007) (0.007)
'Li;i“}v 0.4813 0.4850 0.5032 0.5417 0.5646 0.6215 0.6990 0.8194
(0.142) (0.136) (0.115) (0.085) (0.072) (0.047) (0.026) (0.011)
Set 4: Apply the Shrinkage Sophisticated Estimators in Equation
mg‘g 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
0.0 0.0 0.0 0.0 0.0) 0.0) 0.0) 0.0
u??jv 0.4762 0.4771 0.4844 0.5112 0.5328 0.5970 0.6968 0.8582
(0.151) (0.149) (0.137) (0.108) (0.091) (0.056) (0.026) (0.005)
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TABLE 5

Expected OOS MYV Utilities for Portfolios in the Simulation Study

This table reports the expected out-of-sample (OOS) mean-variance (MV) utilities for different target factor levels 5. Panels A—C present the
results for the portfolios listed in Table The subscripts c-F, c-I, mv, and ef indicate the equality-constrained combined, inequality-constrained
combined, plug-in MV, and efficient-frontier portfolios, respectively. The superscript LW indicates the use of the linear shrinkage covariance
matrix of , whereas portfolios without it use the sample covariance matrix. Entries below “—10%" are denoted by “—. The

proposed combined portfolios consistently outperform the benchmark portfolios in terms of utilities.

s 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
Panel A: Oracle Combined Portfolio
W g 0.0312 0.0315 0.0318 0.0315 0.0312 0.0302 0.0286 0.0254
ok

w 0.0318 0.0318 0.0318 0.0315 0.0312 0.0302 0.0286 0.0254
Panel B: Implementable Combined Portfolio
Set 1: Apply the Sample Estimators in Equation (14)

Weg 0.0312 0.0312 0.0310 0.0304 0.0301 0.0292 0.0280 0.0257

We.r 0.0305 0.0305 0.0304 0.0300 0.0297 0.0290 0.0279 0.0257
Set 2: Apply the Sophisticated Estimators in Equation (I3)

We-E 0.0306 0.0309 0.0311 0.0308 0.0304 0.0295 0.0279 0.0247

W1 0.0303 0.0304 0.0305 0.0303 0.0300 0.0292 0.0278 0.0247
Set 3: Apply the Shrinkage Sample Estimators in Equation

wLV]‘E/ 0.0318 0.0318 0.0316 0.0311 0.0308 0.0301 0.0289 0.0268

w?‘;v 0.0308 0.0308 0.0308 0.0306 0.0304 0.0298 0.0288 0.0268
Set 4: Apply the Shrinkage Sophisticated Estimators in Equation (23)

whW 0.0277 0.0280 0.0283 0.0281 0.0278 0.0270 0.0255 0.0227

m%‘? 0.0274 0.0274 0.0274 0.0274 0.0272 0.0267 0.0255 0.0227
Panel C: Benchmark Portfolio

Wmy —0.0268 —0.0265 —0.0263 —0.0266 —0.0269 —0.0279 —0.0295 —0.0326

whLW 0.0122 0.0125 0.0126 0.0122 0.0118 0.0108 0.0092 0.0061

Wef — — —7806 —3782 —2538 —800.7 —12.2 —1011

wkW —2072 —1750 —1086 —579.1 —415.5 —171.1 —23.73 —46.94
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TABLE 6

The Average Portfolio ESG Scores for Portfolios in the Empirical Study

This table reports the average portfolio environmental, social, and governance (ESG) scores across rolling windows, with standard deviations in
parentheses. /N denotes the number of stocks; and 5 denotes the target ESG level. The subscripts c-E and c-I indicate the equality- and
inequality-constrained combined portfolios, respectively; a hat and a tilde indicate that the combination coefficients are computed with the sample

and sophisticated estimators, respectively; and the superscript LW indicates the use of the linear shrinkage covariance matrix of |Ledoit and Wolf

).
N 6 10 15 25 35 55 75 100
Panel A: § = 0.5630
wgvlg 0.5742 0.5665 0.5678 0.5868 0.5897 0.6131 0.6224 0.6288
(0.005) (0.007) (0.014) (0.020) (0.023) (0.049) (0.051) (0.058)
ﬁzg‘g 0.5630 0.5630 0.5630 0.5630 0.5630 0.5630 0.5630 0.5630
(0.0) (0.0) (0.0) (0.0) (0.0) (0.0) (0.0) (0.0)
w?}v 0.7844 0.8390 0.8266 0.7723 0.6979 0.6890 0.6483 0.6350
(0.187) (0.335) (0.361) (0.236) (0.182) (0.138) (0.082) (0.063)
u??}v 0.7829 0.8391 0.8291 0.7648 0.6877 0.6803 0.6299 0.6256
(0.189) (0.335) (0.360) (0.242) (0.188) (0.141) (0.085) (0.063)
Panel B: 5 = 0.7018
'Li;é‘VEV 0.7049 0.6926 0.6880 0.6955 0.6869 0.6872 0.6733 0.6508
(0.005) (0.007) (0.014) (0.020) (0.023) (0.049) (0.051) (0.058)
'lfii‘\g 0.7018 0.7018 0.7018 0.7018 0.7018 0.7018 0.7018 0.7018
(0.0) (0.0) 0.0) 0.0) 0.0) 0.0) 0.0) 0.0)
'Li;?}v 0.8265 0.8991 0.8833 0.8251 0.7588 0.7319 0.6856 0.6520
(0.144) (0.289) (0.323) (0.197) (0.147) (0.109) (0.067) (0.059)
'LI;?}V 0.8273 0.9060 0.8942 0.8313 0.7743 0.7540 0.7169 0.7063
(0.143) (0.283) (0.316) (0.192) (0.137) (0.089) (0.036) (0.011)
Panel C: 5 = 0.8059
w'c“VEV 0.8029 0.7872 0.7783 0.7771 0.7597 0.7427 0.7114 0.6673
(0.005) (0.007) (0.014) (0.020) (0.023) (0.049) (0.051) (0.058)
wcLVg 0.8059 0.8059 0.8059 0.8059 0.8059 0.8059 0.8059 0.8059
(0.0) (0.0) (0.0) (0.0) (0.0) (0.0) (0.0) (0.0)
w?ﬁv 0.8689 0.9510 0.9379 0.8724 0.8097 0.7698 0.7172 0.6674
(0.114) (0.252) (0.291) (0.167) (0.121) (0.089) (0.058) (0.058)
ﬁ)g‘;v 0.8714 0.9641 0.9592 0.8942 0.8494 0.8278 0.8073 0.8059
(0.112) (0.244) (0.279) (0.153) (0.101) (0.051) (0.008) (0.0)
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TABLE 7

Annualized Certainty Equivalent Returns across Various Portfolios

This table reports the annualized certainty equivalent returns of the implementable combined portfolios and the plug-in portfolios. Entries of the
benchmark portfolios are reported to two decimal places when their magnitude exceeds one. The highest certainty equivalent return in each
column is shown in bold. NV denotes the number of stocks; and s denotes the target environmental, social, and governance (ESG) level. The
subscripts c-F, ¢-1, mv, and ef indicate the equality-constrained combined, inequality-constrained combined, plug-in mean-variance, and
efficient-frontier portfolios, respectively; a hat and a tilde on a combined portfolio indicate that its combination coefficients are computed with the
sample and sophisticated estimators, respectively; and the superscript LW indicates the use of the linear shrinkage covariance matrix of |Ledoit and

(2004).

N 6 10 15 25 35 55 75 100
Panel A: 5 = 0.5630
Wiy 0.0586 0.0806 0.0489 —0.0014 0.0183 0.0610 0.0545 0.0494
m‘%‘g 0.0710 0.1131 0.0796 0.0601 0.0670 0.0650 0.0613 0.0521
Wi 0.1305 0.0908 0.0534 —0.0051 0.0040 0.0537 0.0493 0.0482
mi}ﬁf 0.1517 0.1300 0.0920 0.0599 0.0540 0.0574 0.0514 0.0465
Wiy —0.0913 —0.2373 —0.5562 -1.18 —2.05 —4.78 —8.06 —14.24
WiV —92.04 —27.77 —152.68  —1653.91 —46.35 —44.27 —17.62 —58.40
Panel B: 5 = 0.7018
Wi 0.1189 0.0891 0.0524 —0.0021 0.0133 0.0587 0.0502 0.0482
mf‘g 0.1393 0.1239 0.0847 0.0593 0.0600 0.0609 0.0501 0.0453
Wi 0.1307 0.0931 0.0528 —0.0077 0.0017 0.0521 0.0477 0.0479
mi}ff 0.1525 0.1325 0.0907 0.0560 0.0500 0.0548 0.0471 0.0444
Wiy —0.0188 —0.2313 —0.5539 -1.18 —2.05 —4.78 -8.07 —14.25
WiV —19.03 —20.20 —2.57 —70.07 —95.14 —16.38 —11.17 —33.07
Panel C: 5 = 0.8059
Wi 0.1212 0.0929 0.0530 —0.0040 0.0086 0.0565 0.0468 0.0474
mf‘g 0.1421 0.1288 0.0858 0.0567 0.0529 0.0562 0.0402 0.0390
Wi 0.1255 0.0936 0.0515 —0.0100 —0.0016 0.0514 0.0460 0.0473
mi}ff 0.1470 0.1329 0.0894 0.0532 0.0436 0.0529 0.0398 0.0390
Wiy —0.0128 —0.2300 —0.5548 -1.19 —2.06 —4.79 —8.08 —14.27
iV —1.22 —120.64 —108.93 —266.97 —406.23 —52.08 —56.96 —225.25
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TABLE 8

Performance of the ESG-Unaware Portfolios in the Empirical Study

This table reports the average portfolio environmental, social, and governance (ESG) scores (with standard deviations in parentheses) in Panel A
and the annualized certainty equivalent return (CER) in Panel B for the ESG-unaware portfolios. In Panel C, for each number of stocks N, the
bracketing targets 5~ and 57 are the two of the three evaluated target levels (5 € {0.5630,0.7018, 0.8059}) closest to the realized average ESG
score of 'uf:kw in Panel A, and each target row is followed by the annualized CERs of wngY and w%‘g evaluated at that target taken from TableEI
At N = 35, the realized score lies marginally below 5. The subscripts & and ¢-E' indicate the two-fund portfolio of and the
equality-constrained combined portfolio, respectively; a hat and a tilde on a combined portfolio indicate that its combination coefficients are
computed with the sample and sophisticated estimators, respectively; and the superscript LW indicates the use of the linear shrinkage covariance

matrix of [Ledoit and Wolf (2004), whereas portfolios without it use the sample covariance matrix. Underlined entries are the bracketing target

levels.
N 6 10 15 25 35 55 75 100
Panel A: Average portfolio ESG score
wy 0.7778 0.7042 0.6465 0.6400 0.4453 0.5154 0.4818 0.6077
(0.191) (0.381) (0.563) (0.412) (0.456) (0.368) (0.340) (0.273)
'u),%W 0.7462 0.6739 0.6240 0.6334 0.5588 0.6144 0.6003 0.6291
(0.147) (0.226) (0.351) (0.241) (0.222) 0.177) (0.130) (0.071)
Panel B: Annualized certainty equivalent return
wy 0.0913 0.0357 —0.0121 —0.1362 —0.1598 —0.2418 —0.3085 —0.5730
'Li)i‘w 0.1113 0.0764 0.0584 —0.0054 0.0120 0.0559 0.0530 0.0482

Panel C: Comparison at the bracketing target levels
Lower bracketing target 5~

B 0.7018 0.5630 0.5630 0.5630 0.5630 0.5630 0.5630 0.5630
wtW 0.1189 0.0806 0.0489 —0.0014 0.0183 0.0610 0.0545 0.0494
w%‘g 0.1393 0.1131 0.0796 0.0601 0.0670 0.0650 0.0613 0.0521

Upper bracketing target 51

st 0.8059 0.7018 0.7018 0.7018 0.7018 0.7018 0.7018 0.7018
wtW 0.1212 0.0891 0.0524 —0.0021 0.0133 0.0587 0.0502 0.0482
@%§ 0.1421 0.1239 0.0847 0.0593 0.0600 0.0609 0.0501 0.0453
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Appendices

A. Proofs

A.1. Proof of Lemma|[l

Proof of Lemmal|l| Define the Lagrangian

v

Lw, A\, \o) =w ' p— §wTEw + A (w's —3) + M(w'l - 1),

where A, \s € R are the Lagrange multipliers. The first-order optimality conditions are:

(
M:u—72w+)\18+)\21:07

ow
OL(w, A1, \o) T _
o =w s—5=0,
OL(w, A1, Ag) T
\ 8)\2 0’

from which we obtain an expression of the optimal portfolio weight:

1
wio= ="+ Ais + Agl).
gl

To find the two Lagrange multipliers \; and )\, we utilize the two constraints to obtain

1
—8' X7+ N5+ A1) =5,
g

1
1" (w4 Ns+ 1) =1
f)/
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When 17Qs # 0 with 2 = X71(s17 — 1s")X "L, we solve the above equations to get

TS s 51T M+ TS s - T s TR

Al 17X 1s1T¥"1s —1T¥"11s"¥"1s
TS (s —51)+pu"Q1
B 17Qs ’

Ny — SEEAD s I 1D Yut - SETAD Yty ) 1D Yauy S ENTAD Vil F-1D SRty

1731617315 —1TX-115TX-1g
CsTET (51 —s) — pu' Qs
- 17Qs )

It is easy to check that 1721 = 0 and s" £2s = 0. We substitute the expressions of \; and ), into

the optimal portfolio weight to get

1 V1T (s —51)+pu'Q1 v8'38 751 —8) — u' Qs
* —E 1 1
W 7y al ( 17Qs 5T 17Qs
Qs Ls -1 N 1 51 1TQu)E"ts — (s"Qu)x 11
_ 5 : _
17Qs 1TQs  ~ H 17Qs
1
=w, + gwe + —W,,
where
Qs Q1
w, = ——— w, —=m ——
“17TQs’ ‘ 17Qs’
1TQu)X1s — (s"Qu)x11
=3"'u— ( :
Wo H 17Qs

It remains to verify the three properties of the constituent portfolios stated in the lemma.

1. We define the Lagrangian for the optimization problem in part[I]of Lemmal[I}

1
Li(w, A, X)) = i'wTE'w +Mw' s+ )\2(le - 1),
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where A1, A2 € R are the Lagrange multipliers. The first-order optimality conditions are

(
8£1(w,)\17)\2) :2w+/\18+)\21 :07
ow
8£1(w, )\17)\2> _ Tg—
o\ —wesh
L o, v "

from which we obtain an expression for the optimal portfolio weight:

Q27) w = -3 (\s+ Aol).

To find the two Lagrange multipliers, we use the two constraints to get:

Ms s+ s’ 21 = 0,

M1 s+ 1T8 7 = -1,

which yields
N — ~-1"¥"1s
T ATE )2 —1TE TR s
\ s'¥ 7 1s
2 g

(17X 18)2 - 17X 11sTX 15
We strictly substitute the expressions of the two Lagrange multipliers to obtain:
, 173 ¥ s — g™ s

w= 1S 12 -1'211s'8 1s Wa:
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2. We define the Lagrangian for the optimization problem in part[2]of Lemmal[I}
1
Lo(w, A, X)) = i'wTE'w + A (w's — 1)+ w'l,

where A1, A2 € R are the Lagrange multipliers. As in part|l} the first-order optimality
conditions imply that the optimal portfolio weight takes the form in equation (27)). The two

Lagrange multipliers satisfy

As S s+ Ns™TE T = 1,

M1ITE s+ 01787 =0,

which yields
. 1'x711
T 1TE s —1TE 11T s
—-17x!
Mo = °

(17X 18)2 - 1TX-11sTX 15’
Substituting the multipliers leads to the optimal solution:
. 1TE sy 11 178118 s

w= (17X 18)2 —1TX-11sTX1s - We

3. For the zero-weight-factor portfolio w,, it is straightforward to verify:

1"Qu)1'S s — (s"Qu)1'™s"'1

v H 17Qs ’
T Te-l (1TQu)s' 7 's — (s'Qu)s'=7'1
S w,=8 X pu— 1T 0s =0.
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A.2. Proof of Proposition [T

We first establish the following lemma, where A o B denotes the Hadamard product
(element-wise product) of two matrices A and B. This lemma is useful in the proof of

Proposition

Lemma 2. For the covariance matrix 3, we have the following results:
1.17(X1oX)1=N.
217 (B ox)1-1

Proof. We denote det(X) and C as the determinant of X and the cofactor matrix formed by all of

the cofactors of 32, respectively. The inverse of 3 can be written as:

.. T
det(X)

Meanwhile, det(X) can be expressed in terms of its cofactors along any row or column:

det(X) = Z 3;;C;; along the 4™ column, or Z 3,;C;; along the i™ row,

i=1 j=1
where 3;; and C;; denote the (7, 7)™ elements of ¥ and C, respectively.

1. The (i,7)™ element in 37! o ¥ satisfies (X' o X);; = aei(sy Ci ;- Therefore, for the

det

symmetric matrix ¥ with CT = C, we obtain

1’ )1 = X;Z det Cjiz:ij = N.



2. We denote u; = Z]kvz1 C;1, as the sum of the i row of C. Hence, the (i, 7)™ element in
C"11"C'" is obtained by (CT11"C");; = u;u;. Meanwhile, the sum of all elements of

C satisfies 1'C1 = Zf\;l u;. Hence, we obtain

»-111T3L 1 I
1" ([ m——— o)1= A Y
(i) 1= dam L X e

i=1 j=1 2ui=1 Wi
1 N N
= N U Xiju;
det(X) Zi*l Ui ; gz—;
= Z u; det(X2
det(Z) SN —

where the third equality utilizes the fact that E L Ziu; =S (2C)y = det(X). This

holds because XC' = det(X)Iy, where Iy denotes the NV x N identity matrix.

Proof of Proposition

1. We first calculate the explicit forms for the expectations E[u " w,] and E[s .|, which are
extended from Theorem 1 in Okhrin and Schmid| (2006). For ease of reference, we provide

detailed calculations below.

Recall the notation T = 31 — 37111731 /17311, The combined portfolio can be

written as

D b | (. B
wc:m+5r (M—FSS).

Conditional on fi, we denote the i component of the combined portfolio as

e 311 . B
b = lfp=-"—+6e;] T+ =s),
e T L (1)
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where e; is an N-dimensional vector with i element being 1 and other elements 0. Let
M = [e;, 1+ %s, 1] be an N x 3 matrix and M, = [e;, f1 + %s} the first two columns.

Denote

. - G Gy . 1 H, H),
(28) G=M'Y"M = and H=(G) = ,

G21 G22 H21 H22

where G1 1s a 2 X 2 matrix.

We aim to obtain w; using the elements from H. To achieve this, we utilize the following

relationships:

Gp=1'2"11= (ﬁ22 — ﬁmﬁﬂlﬁm)*l,
é12 = —ﬁﬂlﬁlz(ﬂm — IA{Qlﬁﬂlﬁm)fl,
ﬂl_ll — Gll - GA!12G2_21GA21 - MlTYMl

Firstly, the first element of -H fllfi 19 satisfies

" G, e/ 311
(29) —H'Hp;p): = | = =,
( 11 12)1 9 X ]_TE—I]_

Secondly, the first element of H;;'d where § = [0, ] satisfies
g1y s T (o P

Therefore, w; can be constructed by the first element of 2 = -H 0 (ﬁ 12— 90).

Let G and H be the matrices obtained by replacing 3 with 3 in G and H, respectively.

Since TS ~ Wy (T — 1, ), Corollary 3.2.6, Theorems 3.2.10 and 3.2.11 of Muirhead
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(1982) imply that, conditional on f,

(31) TH ~Ws(T — N +2,H),
TI:IH ~ WQ(T - N‘|‘ 27H11>7

Tﬁ12|Tﬂ11 ~ NQ(TIA{nHﬂllea (Hoy — Hleﬂlle)Tﬁ11)7

where N; denotes a d-dimensional normal distribution. Therefore, using the tower property

of expectation, we obtain

E(2] = E[E[( — H'H,» + H,'6)|H,1)| = E[-H ' Hy» + Hy,'d]

= -H 'H\;, +kH'S,

where ky = T/(T'— N — 1). Given that the first element of the expectation of 2 is the
expectation of w;, we have

e/ X711

(32) Elw;] = 1> 11

+ kide] T (g + gs) .

Since i ~ N (p, /T and [ is independent of 32, the unconditional expectation of the

portfolio weight is

. " ¥ 11 3
E[wc] = E[E[’wC“LH = m + k’l(ST (H + 58) .

Consequently, we obtain the expected OOS portfolio mean and portfolio factor exposure as

60



follows:

. =11
Elp'w,] = llllTE—_ll +hop'Y <M + gs) = f1g + k1667 + k1563,
T, s'¥'1 T s 2 2
E[s w.] = 1Ts-11 + ki0s' X | p+ 55 = s + k1005 + k1505,

where 1, = p"2711/17E 711, p, = s"TE11/1TE 1,602 = " Y, 02 = p"Ys, and

02 = s"Y's, as defined in the main body of the paper.

. We then calculate the expectation of the OOS variance E[w_ ¥w.]. Let 0;; represent the

(i, 7)™ element of the covariance matrix 3. We express the variance as below:

(33) [, S = Zo—“ W2 a]] 42 03B [E [t | 4]

1>]

We denote E [0?] = E [@2;|1]. Since 2 = —Hp,'(H,» — &) and 1, is the first element of

2, it follows from equation (31)) that

Z|THyy ~ No(—Hy'Hiy + Hyy'6, (Hyy — Hy Hyy ' Hyp)(THy ) ™),

IDZ-‘TI‘AIH ~ NI(Hﬁ,l’ 02,1>’

where f15 1 and o2 | are the first and (1, 1)™ elements of the mean vector and covariance

matrix of 2 |TI:I 11, respectively. Therefore,

(34) E[w?] = E[E[W?TH:]] = E[u ] + E[o2 ).

)
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The first expectation, E[z2 ], is the (1,1)"" element of the following expectation:

E[(—H;'Hy, + H3'0)(—H; ' Hyy + H3'6) "]
—H'H,H,H;' —E[H;'H\,6 H'| - E[H;'6HLH;']| + E[H;'66 H}}']
—H,'H,H ,H' —k\H'H\,6 " H}'! — k\H'6H ,H ' + Tk H;;'66 " H;}!
+ kykotr(H P06 ) H
where ky = T/[(T' — N)(T'— N — 3)]. We apply Theorem 3.3.16 of Gupta and Nagar

(2018) when computing the expectations above. Using equations and and the fact

that tr(H,;,'66 ") = 6 H;;'8, we obtain

Ty-11 R A 2
(35) E[Mﬁ,l] = 2k10 (%) [CZT (u +§ )] + Thkyd? [eiTT (p, + gs)]

<eiTEll

2
272 T
m) + k1ka0"Y%e; Ye;,

where {2 = (f1 + gs)T Y (f+Zs).

The second expectation, E[o? ]. is the (1,1)"™ element of the following expectation:
. k
E[(Hy — Hy Hy ' Hy,)(THy) '] = %(Hm — HyH'H»)H,}',
which means
2 ki o 1
(36) Elo;,] = —o,e; Te;,

where 07 = 1/17%7'1.
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Since f1 ~ N (p, $/T) and fu is independent of 32, E[?] in equation can be

calculated by using equations and as follows:

Iz ?
37) E[E [¢2]] = (;E—ll ey [ej 8 (u " gsﬂ)
2
+ @_—ka@é? {ejr (u + gsﬂ

e/ Ye;
T

|:k'10'2 + kle(T — 2)(52 + k1k2T52'¢2} s
where we apply the expressions of the following two expectations:

(38) E[0?] = Tt )

2 T ) 2
{ej’r (/l—i— ?s)} ] _& ;e_z + [eiTT (,u—i— ?s)} )

In the above, the first expectation follows from the fact that T¢® ~ x3,_, (T4)?) with

E

non-centrality parameter 7%, where ¢? = (/J, + %s)T Y (,u, + %s) and the degrees of
freedom N — 1 = tr(YX) = rank(YX) (Muirhead ((1982), Theorem 1.4.2)). The second
expectation follows from the fact that

e/ Y (p+ %s) ~N(e] T (n+ %s) ,e] YXYe;/T) (Muirhead ((1982), Theorem
1.2.6)) and TXY =7,

Similarly, we denote E[t;;] = E [t ;1. ;| 1], and let M* = [e;, e, o + 25, 1] be an
N x 4 matrix. We partition the matrix (/N *)TZA]*1 M and its inverse in a manner

analogous to equation (28)), with the modification that the upper-left block é’?l has

dimensions 3 x 3. We adopt similar notations as in the proof of part | by adjusting them
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with a superscript *. By Corollary 3.2.6 of [Muirhead (1982), conditional on f1, we have

TH* ~Wy(T — N +3,H"),

TH? ~Ws(T — N + 3, H})).

The portfolio weights ; and 1; are the first two elements in 2* = —(H?,) ™' (H?, — 6*),

where §* = [0, 0, 6] ". By the tower property of expectation,
(39) Efiid;] = E[E[iy;|TH)) = Elpse 115 o] + Elos 10,

where piz+ 1 and piz- o are the first two elements of the mean vector E[2*|T H 1] and o2+ 19

is the (1,2)™ element of the covariance matrix Cov[2*|TH7,].

Similarly to equations and (36)), we obtain

e/ 3711 B e/ X711 B8
Bl =10 (g ) [T (s ) <0 (m e ()

(e/X7'1)(e/X7'1)
s 1)

[=%)

+Tky6? [ej Y (,z+§s>] [ejr (,:,,+§s)} +kika0%)%e] Ye,

k
E[O’z**’lg] = TlaseiTTej.
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Since f1 ~ N (p, $/T) and f1 is independent of 32, we obtain

40)  E[E [d;;]]

e/ X711 - 3 e/X7'1 - B

+ wk%kyé? [eiTT <p, + gs)] [ejTT (u + ?s)]

e/ Ye,
T

(k10?2 + kiko(T — 2)6° + ki ko T5*Y°]

where we utilize the following expectation:

E

T T
e; Y (ﬂ + gs) (ﬂ + gs) 'I‘ej] —e/ Y (u + %s) (u + ?s) Ye, + %eiTTej.

Substituting equations and into equation (33)), we obtain the expected OOS
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portfolio variance as follows:

E[w, Zw,]
N To-1 2 N 2
e/ 11 - B (T'— N + 1)k, T s
= ;:1 Tji [m—i—kléez T (,U + 58):| +i:E 1 Ty T kldei T /1:—'—38

e/ X1 - B e/ X1
#23 0y |frgy Hhiel (0 o) | gy
>

n QZ ois (I'— N + 1)k, l]{;ldejr <,u + ?s)] [k15ejTT <y, + gs)]

— T
1>
N
Z UiieiTTei + 2 Z UijeiTTej]
i=1

1>7

2[ e (;Hﬁsﬂ

+ kzléejTT (u + ?s)

k102 + kko(T — 2)82 + ki ko T6%?
* T

17x! B\
m+k15 ([J,—i-gs) T

1711 o

:
(T=N+Dks |, 5 (u—i—és) Y z{kl(sr <u+§s)]

T )

klag + k1k2<T — 2)62 -+ k1k2T52¢2 T
+ 1
T
T+ (T — N+ 1)k, N-1

=0y + = K22 + = lkios + kaky(T = 206 + ki ko T0%?)

(YT o)1

=kik3(0) + Thad?1)* + k(N — 1)6°)

=kiks [0) + Tha(6%0; + 52035 + 26363) + ko(N — 1)5°]

where k3 = (T'—2) /T and Y o ¥ represents the Hadamard product (element-wise product)
of the two matrices Y and X. Furthermore, in the above derivation, we apply the following
two relationships:

T B\ Tsot g\ A=) [ATE (et %3)} _
1 T(u—l— 53) =1 X <u+ 55) 11 =0,

»-h11Txy !

T T -1
17(YoX)1=1 Kz} R

)OE:|1:N—]_,
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where the last equation follows from Lemma

A.3. Proof of Proposition 2

Proof of Proposition|2| The variance of the OOS portfolio factor exposure can be written as

Var[w, s] = s' Var[w,]s.

Hence, it suffices to calculate Var[w,]. We use the notation introduced in Appendix Let ;
denote the i portfolio weight conditional on fi. Using equations (32)) and (34), we obtain the

conditional variance

Var[w;] = E[w?] — (E[d])?

1

62—2_11 2 e;l'z—ll - A ﬁ ) . ) 6 )
e (1T2—11> + 2k15 <—1TZ_11) [ei T (/J: + 53):| +Tk2(5 |:ei T (/’l’ _|_ 53):|

k1o 1 272 T e/ X1 T BN\
+T0'gei Tei+k1]€25¢ €; Tei— m—l—/ﬁéelT [L‘Fg

2
:%agejrei + ki ko0 e] Ye; + (Thy — k)52 [ejr (,a, + ?s)} :
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Since fi ~ N (p, /T) and fi is independent of 33, we utilize equation to obtain

41 Var[w,.;] = E[Var[w;]] + Var[E[w;]]

N-—-1 2 el Te:
=k1k252€iTT6i <T + ¢2) + (Thy — k?)6? [(e;T (/,L + ?s)) + € T €

ki oo 1 kQ ’ T
+ Tagez YTe; + Te Ye;

-
e, Ye;

=kiks0%%e] Xe; + [kio) + k707 + kiko6*(N — 1) + (Tky — k)67 =

ﬂ 2
+ (Tky — k2)52 {eIT (u + gs)} .

Furthermore, by equations (32) and (39), we obtain

k
:71 ole] Te; + kik:0*)?(e] Tej) + (Thy — k7)o {ej’r (;l—l—?s)] {ejr (,;Jr

)|

|

By the law of total covariance, we therefore obtain

(42) COV[UA)CJ, UA}C,J'] = E[COV[UA),L', ﬁ)J]] + COV[E[’(ILL], E[’UAJJ]]

T
TYe.
:k1k252w2(eiTTej) + [k’lO'j + k1k252(N — 1) + (Tkg — k%)dZ + k’%éﬂ%

+ (Tky — ki)o* {ejr (u + gsﬂ {ejr (u + gs)} :

Combining equations (41) and (42)), we obtain the covariance matrix

2

.
Var[w,] = {% + 8%k ko (ks + zzz?)} Y + (Thy — k1)0°Y (u + gs) (u + gs) Y.
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Consequently, we obtain the variance of the OOS portfolio factor exposure as follows:

2

k
Var[w, s] = s' Var[w,]s = %’9 + 6%kyko (ks + %) | 02 + (Thy — k2) (662 + 862)”,

where 6%¢? = §%6% + 3265 + 20303 and thus, the expression is identical to equation (7). O

A4. Proof of Proposition 3

Proof of Proposition|3| The proof follows from the standard method of Lagrange multipliers. For
the equality-constrained problem in equation (8)), the algebraic derivation is identical to the case

¢ > 0 of Proposition [0} detailed in Appendix which yields

0202 — 63
5*E — 1Y3 2 ’
Vhoks 10302 — T3 + 02(N — 1)]
. 030203 — 0} s

BT Nkoks02 [TO202 — TOF + 02(N — 1)) k62

These coincide with the expressions stated in the proposition, noting that

D = T(620% — 62) + 62(N — 1). O

A.5. Proof of Proposition 4

Proof of Proposition[d] Define A =T607 + N — 1 and D = T (0765 — 05) + 65(N — 1). Then the
optimal combination coefficient ¢;, from Kan et al. (2022)), which corresponds to the restriction
f = 0 in equation (4) and is obtained by maximizing the expected OOS MV utility over d, is

given by

ko ’}/kgk’gA
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The corresponding maximum expected OOS utility is
E[U(w))] = 1y + k18762 — % [kikso? + kikoks A(57)?] .

By Proposition 3] the optimal combination coefficients 0}, and 3}, of the optimal combined

three-fund portfolio w} j are

0262 — 0 5 — s — k1625
5* _ 13 2 d * s 2VE
BT kD 4 P .62

Consequently, we use the expressions for moments in Proposition |I{and substitute d7, and 5}, to

obtain the corresponding maximum expected OOS utility as follows:
E[U(w! )] = M9+k1539%+k1539§—% [k1kso? + kikaks A(63)° + Thikoks((85)205 + 265,85603) ] -
Accordingly, we compute the difference
43) Ay :=E[U(w; )] — E[U(wy)]

= 0355 — 57) + K035} — Lhukaks [A[G3) — (7)) + TIGR(55)? + 2030353]).

We now analyze the terms in the expression for Ay given in equation (43). First, since

op = %, we have 07 = ykoks A §;. Substituting this yields:

1
(44) k18265 — 67) — Shakaks A(5)* — (57)%) = Yhakaks A |60 — 67) = 51(05)% = (57)7]

- —%klkgkrgA(é’fE — )2,
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Because the coefficient d7, is independent of s, the above term remains constant with respect to
the target s.
Second, we have k10235 = 5 — u, — k1030%. Substituting this into the remaining three

terms in equation (43)) gives

(45) k16385, — ShikakoT [63(85)? + 2630755
:93(1 — YhaksTO3) (5 — prs — k1630)  YhaksT(5 — ps — k16503)
_ ’)/kgkgT(g _ g*)Q lﬁ@% (1 — ’}/k'gk'gT(SE)Q
2k19§ 2”yk2k3T9§ ’

where we observe that the expression in equation (45)) is a concave quadratic function of s, and its

maximum value is attained at

e 62

5T hs + ’}/kgk'gT

From the analytical forms of 43, and 9}, direct calculation gives

_ (N1
’7]{72]€3AD ’

63(N — 1

0p — 0 =
E k D

Substituting these into the constant terms in equations and and using A0 —T03 = D,
the two constant terms combine to k105(N — 1)?/(2vkyksT AD). Finally, combining all these
together, we can write the utility difference as follows:

_’}/k’gk’gT (5 . S*)Q n k‘lé’;‘(N — 1)2

(46) Ay =
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A.6. Proof of Corollary I

Proof of Corollary(l] By Proposition 4}, we have

")/k’gkgT
2k 02

k103 (N — 1)2

“7) Bu= A7 = 2vkoks TAD

(5 —5%)% where Al =

1. For the dominance region {5 : Ay > 0} to be non-empty, the constant term A} in
equation must be strictly positive. Since A > 0 and D > 0 by the Cauchy—Schwarz

inequality 6202 > 03, this holds if and only if 62 # 0. Conversely, when 63 = 0, we have

_ koksT

Ap™ = 0and 5° = pi,, so that Ay = —327%

(5 — ps)? < 0 for all 5, and the dominance

region is empty. This proves the first assertion.

2. Suppose 03 # 0. The equation implies that

21{:16% max __ kf@%@g(]\f — 1)2

A 552 <« 105 Amax _ .
v>0 = =) < AT = T apRTIAD

Defining the right-hand side as A2, we obtain

Ay >0 <<= [5s-35"<A,

where A, equals the right-hand side of equation (13)). This proves the second assertion.
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A.7. Calculation of the Sophisticated Estimators

We follow the notation in Appendix [A.2] and mark with a dot the quantities defined
analogously to those in the proof of Part 1 of Proposition Let M = [ft,s,1]bean N x 3
matrix and M, = [, s] be the first two columns. We partition M TS~ M and its inverse

similarly to equation (28), keeping the upper-left block G4 as a2 x 2 matrix. We similarly obtain

S A A,OA A T ﬂTTﬂ ﬂ,TYs é% é%
s'"YTp s'Ys 02 02

Since TS ~ Whn (T — 1,3), Corollary 3.2.6 and Theorem 3.2.11 of Muirhead (1982)) imply that,

conditional on f,

TH ~Wy(T — N +2, H),
TIEIH ~ WQ(T - N + 27H11).

A

Therefore, E[H | /1] = kyH'. Accordingly, we have

[ Ys]=E[E[a" Ys|a]] = kip" Ys,

E[s Ys|= ks Ys.

That is, E[02] = k.02 and E[02] = k62 with k; = T//(T — N — 1). The unbiased estimators of (2

and 02 are correspondingly obtained by

~ T—N-1., ~
=03 and =
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A.8. Proof of Proposition[5
Proof of Proposition

1. The implementable versions of the optimal combination coefficients 3, and 3}, in

Proposition obtained by replacing each 62 with its sample estimator 02 (i = 1,2, 3), are

N2 N2 N4
9193 — 62

vhoks [Té%ég — T+ 02N —1)|

op =

Given that 02 = 7Y 1,02 = 17 Xs,02 = s Ysand fi, = 175 "'s/1T311, the

portfolio factor exposure of the implementable combined portfolio w._ g is calculated as

follows: ) A
173! A . S — fis — k16030 A
W, s = -5 +ops Yo+ P T BTy s
17311 /ﬁ@g
5+ (ki — 1)fis
= W _

Since the coefficient of the target factor level 5 in ﬁJCT S is constant (i.e., 1/k;), the variance

of the portfolio factor exposure w, ;s is independent of 5.

2. The implementable versions of the optimal combination coefficients d7, and 3. obtained

by replacing each 07 with its sophisticated estimator ()f (1=1,2,3), are

- pa o
vhaks [Té%ég — TO4+ G3(N — 1)

- 5 — iy — k1030

Bp = 2,

o102

Since 62 = (T — N —1)02/T, 02 = (T — N —1)62/T and ky = T/(T — N — 1), the
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portfolio factor exposure of the implementable combined portfolio w..g is calculated as

follows: ) o
172! ~ . 5 — fis — k1026 .
W, 8 = - =5 +6ps Yo+ P MO TY s
17311 k163
=3,
as desired.

A.9. Proof of Proposition [6

Proof of Proposition|6} Letc =[5, 8]", h = [k107,k103]", O = p, — Vklgwg, and

A A
A= with Al = ’yklkgkg(TH% + N — ].), A2 = ’}/Tk?lk'gkgﬁg and A3 = 7Tk1k:2k:39§

Ay As
Also, let p = k103, k; 9§]T and ¢ = ps — 5. Then, the objective function of the optimization

problem in equation (16) can be written as

kykso? ki1kok
Gle) = g — 1% 4 k625 1 k625 — ST 4 N - 1)5 + T636° + 276356
1
= —§CTAC +h'c+ O,
and the constraint becomes
p'ctqg>0.
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Dropping the constant O, which does not affect the optimal solution, we can express the
optimization problem as

1
(48) max — §cTAc +h'e,

c

s.t. pTc +q > 0.

A symmetric matrix is positive definite if and only if all its eigenvalues are positive. Therefore,
since A is a 2 x 2 symmetric matrix, a necessary and sufficient condition for A to be positive
definite is that A; > 0 and the determinant of A is positive. Given that N > 2 and 6? = pu" Y is
non-negative, we have A; > 0. Meanwhile, the determinant of A satisfies

det(A) = V2k2k3Kk2[T? (6202 — 03) + T(N — 1)03] > 0. Therefore, A is positive definite, and the
problem is a convex optimization problem.

The Lagrangian function with a Lagrange multiplier ) is
1
(49) Lle,n) = —5c' Ac+hlc+i(p'ctq).

The Karush—Kuhn-Tucker (KKT) conditions for this problem are

(50a) —Ac+h+1np =0,
(50b) pctq>0,
(50c) n =0,
(50d) np'e+q) =0.

Since the problem is convex, any point that satisfies the KKT conditions is a global optimum.
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Moreover, since A is positive definite, it is invertible, so the condition in equation (50a) implies

(51) c=A"'(h+p).

We discuss the optimal solution in the following three cases:

* If ¢ > 0, we look for a solution with > 0. Then, equation becomes p'c+ g = 0;
that is, the inequality constraint is binding, and the optimal solution lies on the boundary.

We substitute equation (51) into p' ¢ + ¢ = 0 to obtain

p A (h+1p) +q =0,

which gives

PTATh+q kb5 + ykoksT(us — 5)

52 —
(52) " STA D 502

=(>0,

so the dual feasibility condition in equation (50c) holds. The solution is therefore given by

c=A"'h+np)=A"'h+nA'p,

which yields the combination coefficients

0202 — 05
5; — 1V3 2 ,
5 ~3(6305 — 03) pes

I Nkoks02 [TO202 — TOF + 62(N — 1)] k62
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These expressions are identical to (d3;, 53) in Proposition Moreover, this solution
satisfies the primal feasibility condition in equation (50b)), since

plctq=p A (h+1p)+q=0.

If { =0, then k162 + vkoksT (us — 5) = 0. In this case, we take 77 = 0, so equation (50a)

implies that the optimal solution is given by

(53) c=A"'h.

Expanding the above expression, we obtain the combination coefficients

6202 — 94
5* — 1Y3 2
L Nkoks [TO203 — TOL + 03(N — 1))
5 (N —1)63

I YkoksT [T6262 — TOI + 62(N — 1)]’

This solution satisfies the primal feasibility condition in equation (50b), since

p'c+q= k103 + vkoksT (s — 3)]/ (vhoksT) = 0.

Furthermore, because k105 + vkaksT (1s — 5) = 0 here, the solution in the case ¢ > 0
reduces to the one obtained above, so the two cases deliver the same optimal solution. We

therefore include this boundary case in the branch ( > 0 of the proposition.

If ¢ <0, then [k103 + ~vkoksT (ps — 5)] > 0. In this case, we take the multiplier = 0, and
the optimal solution is the unconstrained one in equation (53)). Unlike the boundary case

¢ = 0, the constraint is now strictly slack in the present case, since

pTC +q= [k’lgg + ’YkgkgT(MS — g)]/(’)/k’gkgT) > 0.
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A.10. Proof of Corollary 2

Proof of Corollary[2] Setting ¢ = —[k05 4+ vkoksT (pus — 5)]/(k103) = 0 and solving for § yields

oy R
_p’s 7k2k’3T7

—k

as defined in equation (12). Since ( is strictly increasing in s, § < §* corresponds to { < 0 and

§ > 5% to ¢ > 0. The two assertions then follow from Proposition [6}

» When 5 < 5%, substituting §7 = 8% and 3; = (N — 1)03/(vkoksT D) into the expected

factor exposure in Proposition|[1] gives E[(w? ;)" s] = j1s + k1602/(vkoksT) = 5 > 3.

* When 5 > 5%, the optimal combination coefficients coincide with the equality-constrained
ones in Proposition |3} so the expected factor exposure equals 5 by the constraint in

equation (8)).

A.11. Proof of Proposition |7

Proof of Proposition[7] By Proposition 1} the expected OOS MV utility E[U(w.)] is a quadratic
function of the combination coefficients (4, 3), and the expected factor exposure is
Elw, s] = us + k1(056 + 630).

The unconstrained problem coincides with the case ( < 0 of Proposition[6] where its

solution (d7%, 57) is given in closed form. Substituting this solution into the utility E[U (w,)] from
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Proposition |1{and simplifying yields

ki [T67(6705 — 65) + (N — 1)65]
2’7[{?2 k’gTD

Unne = py = Shikso? +

Substituting (07, ;) into the expected factor exposure gives

ki1 62 e

s + k1(0§5; + egﬁ}k) = Hs + vYkoksT =

By Proposition[d] E[U (w? )] is a quadratic function of § with leading coefficient

_ ykoksT
2k 6‘“:

. Meanwhile, the constrained utility satisfies E[U(w} )] < Uy, for every 5, and the
bound is attained at § = 5§*. Given that a concave quadratic function that attains its maximum

value Uy, at 5* is determined by its leading coefficient, we have

YhoksT

E[U(QZJ:_E)] = Uunc — W(g — §*>2,

which is equation (19). The two criteria then follow from the equation:

1. Given Uy, > 0 and « € [0, 1], the requirement E[U (W ;)] > aUyy. is equivalent to

YkoksT ( = =%

Sho7 (58 )2 < (1 — @)Uyne. Solving this inequality for 5 yields the interval in

equation (20)), and the exact equality condition follows directly from the same algebraic

rearrangement.

2. For any d > 0, the requirement E[U (w ;)] > Uypne — d is equivalent to

YkoksT (g

207 (5 — 5*)? < d. Solving this inequality for 5 yields the interval in equation (21)), and

the exact equality condition follows directly from the same algebraic rearrangement.
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A.12. Differences between Implementable Portfolios

Let w..; and w,. g denote the implementable realizations of the optimal combined
portfolios w} ; and w} j, respectively, with their estimated combination coefficients denoted by
(67, 3;) and (65, Bx). Recall from Proposition @ that ¢ governs the activation of the inequality
constraint, and 0 = d; always holds. We now analyze the case where the estimated parameter f

is strictly negative (é < 0).

* When é < 0, w,s consistently yields a higher portfolio factor exposure than w, g. To

verify this, we compute the difference in their factor exposures:

W) 8 — W) ps = (W, + 0pw, + frw,) " s — (wy + dpw. + Bpw,) s

_ k’lé% + 7]{’2]{37—‘({15 — §) ’l_i);rs
’7k1k2k’3T9§

:(BI - BE)’LTJSTS

_/f193 + YhoksT (fis — 5)

> 0
’)/klekgT

where ég =ws= sTYs > 0, and the condition é < 0 implies that
klég + vkoksT'(f1s — 5) > 0. While the analysis is specific to the sample estimators, the
general difference remains (B[ — B )W/ s. Because Br — Br > 0 whenever ¢ < 0, and

] s > 0 strictly holds as a quadratic form, this conclusion remains valid when employing

sophisticated estimators or shrinkage covariance matrices.
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* Next, we evaluate the difference in OOS utility between w..; and w. g:

(L= Gl B ) — (ot — Jablp i )
~(Br — ) [0] 1= 70 Sy — byio] S, — 2(3r + )] S,
k102 + vkoksT (fus — 5)

_klég + ’)/k?gk?gT(ﬂs — §)
k1 koksTO2

’)/kl /{32 /{ZgTég

~ ~T ~
W, f — YW, XWe.1 + w, Yw;

k103 4+~koks T (f1s—35)
vk1 k:zkgTég

Since ¢ < 0 implies > 0, the utility difference is positive if and only if the

bracketed term is positive:

klég + ’71€2]€3T(ﬂ8 — 5)

. W, T, > 0.
2k koks T O3

W p— yw! T, +

Rearranging this inequality yields:

. - .
" [(ﬂs —8) (W] Sab,) — 2k19§(wjzwc_,)] > [eg(wjzuss) n szkgTeg(wju)] .
2h3

This leads to two distinct conditional cases for the risk aversion coefficient :

= If (jis — 5)(w] Bab,) — 2k, 02(w] Sab.;) > 0, the OOS utility difference is positive

provided that

ke [ég(wjzws) + 2k2k3Té§(wju)]

V> 5 '
ok T [(j2, — 5)(w] S,) — 2003 (8] S )|

= If (fis — 5)(W] Bad,) — 2k, 02(w] Bab..;) < 0, the OOS utility difference is positive
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provided that

—k [93(@3 Sb,) + 2koks TO3 (w] u)]

v < — .
koksT [(gs — 8) (W] Sab,) — 2k, 02(wT zwc_l)}

Since w, ; depends on v through its estimated coefficients 5 7 and @ 1, the two conditions
above are implicit in v rather than explicit thresholds. Hence, the sign of the utility

difference depends on the interaction among v, /N, and 7.
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B. Additional Numerical Results

B.1. List of Stock Tickers

B.1.1. List of the Components from the DJ30

Table B.1| presents the stock tickers for the components from the DJ30 that are considered

in the simulation study in Section[V.B.
TABLE B.1
List of the Components from the DJ30

This table lists the ticker symbols of the 29 stocks used in the simulation study. They are the constituents of the Dow Jones Industrial Average

(DJ30) as of November 8, 2024, excluding Honeywell International Inc. (HON), whose data are unavailable via Wharton Research Data Services.

1 2 3 4 5 6 7 8 9 10
MMM AMZN AXP AMGN AAPL BA CAT CVvX CSCO KO
DIS GS HD IBM INJ JPM MCD MRK MSFT NKE
PG CRM TRV UNH vZ \% WMT NVDA SHW

B.1.2. List of the Components from the S&P 500

TABLE B.2

List of the Top 100 Selected Components from the S&P 500

This table lists the ticker symbols of the 100 S&P 500 constituents used in the empirical study. They are the largest constituents by market
capitalization as of 2024 among those with complete historical price and environmental, social, and governance (ESG) data and are listed in

descending order of market capitalization, from left to right and top to bottom. The asset universe of size N consists of the first N stocks.

1 2 3 4 5 6 7 8 9 10
AAPL NVDA MSFT GOOGL AMZN AVGO BRK-A WMT LLY JPM
v UNH XOM MA ORCL COST HD PG NFLX BAC
INJ CRM CVX KO MRK TMUS CSCO WEC ACN T™O
AXP MCD IBM MS DIS PEP ABT ISRG AMD GE
GS PM ADBE INTU QCOM TXN DHR CAT vZ BKNG
T PFE SPGI AMGN BSX LOW CMCSA NEE SYK AMAT
PGR UNP TIX C ETN SCHW COP BA ADP FI
BMY LMT DE GILD MU NKE VRTX ADI UPS SBUX
MDT MMC CB PLD KLAC SO EQIX MO TT APH
WM SHW ICE CME CDNS INTC MCO DUK AMT PH
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Table presents the stock tickers for the components from the S&P 500 that are

considered in the empirical study in Section [V.C.

B.2. Additional Results for the Simulation Study

B.2.1. Additional Results on the Equality and Inequality Formulations

TABLE B.3

The Proportion of Samples Where the Equality- and Inequality-Constrained Rules Differ

This table reports the proportion of the M = 10,000 simulated samples in which the equality- and inequality-constrained implementable
portfolios differ from each other, that is, in which the estimated value of ¢ is negative. Each row corresponds to one set of estimators in Table
and each column to a target factor level 5; the superscript LW denotes the linear shrinkage covariance matrix of|Ledoit and Wolf|(2004). A smaller
proportion indicates that the inequality constraint binds in more samples, in which case the inequality-constrained portfolio coincides with the

equality-constrained one.

5 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579

We. g /We.t 0.5685 0.5050 0.3555 0.2179 0.1717 0.1013 0.0507 0.0176

We g/ We.1 0.7753 0.7101 0.5095 0.3124 0.2383 0.1268 0.0512 0.0119

w%% /wL_g 0.9254 0.8827 0.7181 0.4716 0.3680 0.1919 0.0716 0.0121

wzﬁ i /mii W 0.9883 0.9778 0.8894 0.6587 0.5219 0.2549 0.0760 0.0064
TABLE B .4

The Proportion of Samples Where the Equality-Constrained Portfolio Attains Higher
Utility

This table reports the proportion of simulated samples in which the implementable realization of W . achieves a higher out-of-sample
mean-variance utility than that of 4 ;, conditional on the two portfolios differing from each other. A larger value indicates that the implementable
equality-constrained portfolio outperforms its inequality-constrained counterpart in more samples. Each row corresponds to one set of estimators

in 'l‘uhlem and each column to a target factor level 5; the superscript LW denotes the linear shrinkage covariance matrix of|Ledoit and Wolf]|(2004)).

5 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
Weg/Wer 0.7423 0.8232 0.9463 0.9940 0.9965 1 1 1
We.p/We. g 0.3930 0.5073 0.8057 0.9645 0.9891 1 1 1
wIW /W 0.7971 0.8647 0.9655 0.9962 0.9981 1 1 1
& 5B 04810 0.5914 0.8426 0.9727 0.9906 1 1 1

This section presents two tables that support the comparison between the equality- and

inequality-constrained implementable portfolios in the simulation study of Section|[V.B. Table B.3
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reports the proportion of samples in which the two portfolios differ, and Table reports, among

those samples, the proportion in which the equality-constrained portfolio attains the higher OOS

utility.

B.2.2. Expected OOS MYV Utilities of the Oracle Portfolios

FIGURE B.1

Expected OOS MYV Utilities for the Oracle Combined Portfolios

This figure presents the expected out-of-sample (OOS) mean-variance (MV) utilities of the optimal combined

portfolios from the two optimization models: the problem in equation (8) with the equality constraint and the problem

in equation (16) with the inequality constraint. The utilities are plotted against different target environmental, social,

and governance (ESG) scores (5). The risk aversion coefficient is set at v = 5 and the estimation window is fixed at

T =120.
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By Proposition 1 the expected OOS MV utility of the combined portfolio . is

(54)  E[U(w,)| ~E[w, p]

B ’yk’lk’ggg

:ILLQ 2

+ k1030 + k1058 —

- %E[wjzwc]

MBS (g2 4 N~ 1)6% + TOR6* + 2T0365).

We replace the combination coefficients § and S with the optimal values from Proposition

(6%, B3,) and Proposition 6] (47,

B7), which yield the expected OOS MV utilities of w ; and w; ,,
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respectively. Since the population mean vector and covariance matrix are treated as known in the
simulation study, the expected OOS utilities can be computed directly for the two oracle

combined portfolios. Figure plots the two utilities against the target ESG score.

B.2.3. Out-of-Sample Mean in the Simulation Study

TABLE B.5

Expected OOS Mean of Portfolio Returns in the Simulation Study

This table reports the expected out-of-sample (OOS) means of portfolio returns for different target factor levels, with the standard deviations in
parentheses obtained as the square roots of the expected OOS variances. Panels A—C present the results for the portfolios listed in Table Colum ns

correspond to the target factor levels s, and the superscript LW denotes the linear shrinkage covariance matrix of |Ledoit and Wolf (2004).

s 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
Panel A: Oracle Combined Portfolio
W g 0.0629 0.0621 0.0601 0.0581 0.0573 0.0557 0.0539 0.0513
(0.1126) (0.1106) (0.1064) (0.1033) (0.1023) (0.1010) (0.1005) (0.1017)
w; 0.0601 0.0601 0.0601 0.0581 0.0573 0.0557 0.0539 0.0513
(0.1064) (0.1064) (0.1064) (0.1033) (0.1023) (0.1010) (0.1005) (0.1017)

Panel B: Implementable Combined Portfolio
Set 1: Apply the Sample Estimators in Equation (14)

We-p 0.0693 0.0687 0.0672 0.0657 0.0651 0.0639 0.0625 0.0606
(0.1235) (0.1224) (0.1204) (0.1188) (0.1184) (0.1178) (0.1175) (0.1181)
We-1 0.0678 0.0675 0.0666 0.0654 0.0649 0.0638 0.0625 0.0606
(0.1222) (0.1217) (0.1203) (0.1190) (0.1186) (0.1179) 0.1177) (0.1182)
Set 2: Apply the Sophisticated Estimators in Equation (T3)
We-g 0.0617 0.0608 0.0589 0.0569 0.0561 0.0545 0.0527 0.0501
(0.1115) (0.1095) (0.1054) (0.1023) (0.1013) (0.1000) (0.0996) (0.1007)
We.g 0.0588 0.0586 0.0577 0.0564 0.0557 0.0543 0.0526 0.0501
(0.1068) (0.1062) (0.1043) (0.1022) (0.1014) (0.1002) (0.0997) (0.1008)
Set 3: Apply the Shrinkage Sample Estimators in Equation (22)
'Li)i‘\g 0.0536 0.0531 0.0518 0.0506 0.0501 0.0490 0.0478 0.0462
(0.0934) (0.0923) (0.0899) (0.0882) (0.0877) (0.0871) (0.0870) (0.0880)
'Li)i‘\}v 0.0509 0.0508 0.0506 0.0500 0.0497 0.0489 0.0478 0.0462
(0.0896) (0.0895) (0.0889) (0.0881) (0.0878) (0.0872) (0.0871) (0.0881)
Set 4: Apply the Shrinkage Sophisticated Estimators in Equation
m}‘g 0.0452 0.0445 0.0429 0.0412 0.0405 0.0391 0.0376 0.0354
(0.0839) (0.0814) (0.0763) (0.0724) (0.0713) (0.0697) (0.0693) (0.0712)
ﬂ)f‘y 0.0407 0.0407 0.0405 0.0401 0.0398 0.0389 0.0375 0.0354
(0.0728) (0.0727) (0.0724) (0.0714) (0.0709) (0.0698) (0.0694) (0.0712)
Panel C: Benchmark Portfolio
Wy 0.1367 0.1359 0.1339 0.1319 0.1311 0.1295 0.1277 0.1251
(0.2557) (0.2549) (0.2531) (0.2518) (0.2514) (0.2509) (0.2507) (0.2512)
wkW 0.1079 0.1072 0.1055 0.1038 0.1031 0.1018 0.1002 0.0980
(0.1956) (0.1947) (0.1928) (0.1915) 0.1911) (0.1907) (0.1908) 0.1917)
Wer —0.1890 —0.1721 —0.1312 —0.0904 —0.0734 —0.0399 —0.0020 0.0515
(79.90) (72.86) (55.88) (38.89) (31.86) (17.90) (2.21) (20.11)
wi“lyv 0.0521 0.0472 0.0354 0.0237 0.0188 0.0091 —0.0018 —0.0172
(28.79) (26.46) (20.84) (15.22) (12.89) (8.27) (3.08) (4.33)

Table presents the expected out-of-sample means and standard deviations (reported in
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parentheses and obtained as the square roots of the expected out-of-sample variances) in the

simulation study.

B.2.4. Results under the Nonlinear Shrinkage Covariance Matrix

The numerical studies in Section [V|use the linear shrinkage covariance estimator of Ledoit
and Wolf] (2004). Here, we repeat the analysis using the nonlinear shrinkage estimator of Ledoit
and Wolf] (2020), with the resulting portfolios denoted with the superscript NL. All other design
parameters remain unchanged. Table parallels Tables |4{and |5|in the main text. While both the
linear and nonlinear shrinkage approaches substantially outperform the sample covariance matrix
and deliver broadly comparable performance, the linear shrinkage estimator attains a higher

expected OOS MV utility at every target level.
TABLE B.6

Performance under the Nonlinear Shrinkage Covariance Matrix in the Simulation Study

This table reports the average portfolio environmental, social, and governance (ESG) scores (with standard deviations in parentheses) and the
expected out-of-sample (OOS) mean-variance (MV) utilities of the implementable combined portfolios and the plug-in portfolios constructed with
the nonlinear shrinkage covariance matrix of|Ledoit and Wolf (2020) (superscript NL). Columns correspond to the target ESG levels s, and
portfolio notation follows Tzlblem The plug-in portfolios attain the target exactly in every simulated sample and are therefore omitted from Panel

A. The risk aversion coefficient is set at v = 5 and the estimation window at 7" = 120.

5 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
Panel A: Average Portfolio ESG Score
WL 0.2578 0.2973 0.3927 0.4881 0.5276 0.6061 0.6945 0.8195
(0.006) (0.006) (0.006) (0.006) (0.006) (0.006) (0.006) (0.006)
11;121}“ 0.5078 0.5097 0.5213 0.5510 0.5709 0.6236 0.6994 0.8199
(0.132) (0.128) (0.112) (0.085) (0.072) (0.046) (0.024) (0.009)
ﬁ;lc\”é 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
11;121}“ 0.5056 0.5059 0.5093 0.5268 0.5434 0.6000 0.6966 0.8581
(0.137) (0.136) (0.129) (0.106) (0.091) (0.056) (0.024) (0.004)
Panel B: Expected OOS MV Utility
WL 0.0307 0.0307 0.0305 0.0300 0.0297 0.0290 0.0279 0.0258
'LZ;T\IL 0.0296 0.0296 0.0296 0.0294 0.0293 0.0288 0.0278 0.0258
QI)IC\I% 0.0257 0.0260 0.0264 0.0262 0.0259 0.0251 0.0237 0.0209
ﬂﬁ\fl‘ 0.0254 0.0255 0.0255 0.0254 0.0253 0.0248 0.0236 0.0209
u?ﬁf; 0.0176 0.0178 0.0180 0.0176 0.0172 0.0162 0.0147 0.0116
1212?4 —4913 —4059 —2333 —1082 —703.9 —194.4 —-5.91 —436.5
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B.2.5. Utilities under Different Risk Aversion Coefficients

We examine the impact of different risk aversion coefficients (v = 3 and 10). The
expected OOS utilities are reported in Table With all other parameters unchanged, we
observe that increasing -y generally improves the relative performance of the implementable
inequality-constrained portfolio compared with its equality-constrained counterpart. Specifically,
when 7 is large (7 = 10), the implementable version of w} ; attains a higher utility than that of
w; p at target levels where the inequality formulation holds a theoretical advantage (5 = 0.1090

and 0.1617).

B.2.6. Utilities under Different Estimation Windows

We further examine the impact of the estimation window length by considering T" = 60
and 7' = 240, holding v = 5 and the target levels unchanged. The expected OOS utilities are
reported in Table A shorter window amplifies the estimation risk and lowers the utilities of
all implementable portfolios; in this case, the shrinkage sample estimators in Set 3 deliver the best
performance among the four sets. A longer window reduces estimation risk, raises all utilities,

and brings the performance of the four sets closer together.
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TABLE B.7
Expected OOS MYV Utilities under Different Values of ~

This table reports the expected out-of-sample (OOS) mean-variance (MV) utilities of the implementable combined portfolios in Sets 1-4 of
Table together with their counterparts based on the nonlinear shrinkage covariance matrix of |Ledoit and Wolf (2020) (superscript NL), under the
risk aversion coefficients v = 3 and 10. The estimation window is fixed at 7" = 120, and the target factor levels are the same as in Table S
denotes the target factor level. The benchmark portfolios are defined in 'l‘ahlem and the superscript LW denotes the linear shrinkage covariance

matrix of|Ledoit and Wolf (2004). Entries below “—10%" are denoted by “—".

5 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
Panel A: v =3
Set 1: Apply the Sample Estimators in Equation
We B 0.0481 0.0479 0.0472 0.0462 0.0458 0.0448 0.0435 0.0414
We.g 0.0473 0.0471 0.0466 0.0458 0.0454 0.0445 0.0433 0.0413
Set 2: Apply the Sophisticated Estimators in Equation (T3)
We-g 0.0485 0.0484 0.0478 0.0468 0.0462 0.0450 0.0433 0.0404
We.r 0.0476 0.0475 0.0470 0.0463 0.0458 0.0447 0.0431 0.0403
Set 3: Apply the Shrinkage Sample Estimators in Equation (22)
wtW 0.0491 0.0489 0.0483 0.0474 0.0470 0.0461 0.0449 0.0429
w%‘? 0.0480 0.0479 0.0475 0.0469 0.0466 0.0459 0.0448 0.0429
Set 4: Apply the Shrinkage Sophisticated Estimators in Equation
u?LVg 0.0438 0.0437 0.0432 0.0423 0.0419 0.0408 0.0393 0.0366
ﬁ;i“_w 0.0424 0.0424 0.0422 0.0417 0.0414 0.0405 0.0392 0.0366
Nonlinear Shrinkage Covariance Matrix, Sample Estimators
WL 0.0473 0.0471 0.0464 0.0456 0.0452 0.0443 0.0431 0.0412
uAﬁC\I}IE 0.0460 0.0459 0.0456 0.0451 0.0448 0.0441 0.0430 0.0412
Nonlinear Shrinkage Covariance Matrix, Sophisticated Estimators
wNIE 0.0406 0.0405 0.0400 0.0392 0.0388 0.0377 0.0362 0.0336
ﬁﬁc\l% 0.0391 0.0391 0.0390 0.0385 0.0382 0.0374 0.0361 0.0336
Benchmark Portfolios
Wmy —0.0471 —0.0472 —0.0479 —0.0488 —0.0494 —0.0506 —0.0523 —0.0552
whW 0.0174 0.0172 0.0165 0.0155 0.0149 0.0137 0.0120 0.0091
wlL 0.0264 0.0262 0.0255 0.0245 0.0240 0.0227 0.0211 0.0182
Wet —9576 —7963 —4684 —2269 —1523 —480.4 —7.324 —606.3
wIWV —1243 —1050 —651.4 —3474 —249.3 —102.7 —14.24 —28.17
ﬁﬁ\gL —2948 —2435 —1400 —649.4 —422.3 —116.6 —3.542 —261.9

ef
Panel B: v = 10
Set 1: Apply the Sample Estimators in Equation

We g 0.0138 0.0144 0.0155 0.0158 0.0157 0.0153 0.0142 0.0116

We g 0.0151 0.0152 0.0153 0.0154 0.0154 0.0151 0.0141 0.0116
Set 2: Apply the Sophisticated Estimators in Equation

We g 0.0105 0.0119 0.0144 0.0156 0.0158 0.0154 0.0141 0.0103

We-1 0.0151 0.0151 0.0152 0.0154 0.0154 0.0152 0.0140 0.0103
Set 3: Apply the Shrinkage Sample Estimators in Equation (22)

whW 0.0145 0.0151 0.0161 0.0164 0.0164 0.0159 0.0149 0.0125

w%‘? 0.0158 0.0158 0.0158 0.0158 0.0158 0.0156 0.0148 0.0125
Set 4: Apply the Shrinkage Sophisticated Estimators in Equation

wW 0.0093 0.0107 0.0131 0.0144 0.0146 0.0144 0.0132 0.0098

w?‘? 0.0141 0.0141 0.0141 0.0141 0.0141 0.0140 0.0132 0.0098
Nonlinear Shrinkage Covariance Matrix, Sample Estimators

Wk 0.0139 0.0145 0.0155 0.0159 0.0158 0.0154 0.0144 0.0120

uﬁf? 0.0153 0.0153 0.0153 0.0153 0.0153 0.0151 0.0143 0.0120
Nonlinear Shrinkage Covariance Matrix, Sophisticated Estimators

wNIE 0.0083 0.0097 0.0122 0.0135 0.0137 0.0135 0.0123 0.0090

'LZJ({;\I}‘ 0.0132 0.0132 0.0132 0.0132 0.0132 0.0131 0.0123 0.0090
Benchmark Portfolios

Wmy —0.0182 —0.0168 —0.0143 —0.0131 —0.0129 —0.0132 —0.0146 —0.0183

whW 0.0021 0.0034 0.0056 0.0067 0.0068 0.0065 0.0051 0.0014

WXL 0.0048 0.0061 0.0083 0.0095 0.0096 0.0092 0.0079 0.0042

Wer — — — —7564 —5075 —1601 —24.41 —2021

wiW —4144 —3501 —2171 —1158 —831 —342.2 —47.47 —93.86

uﬁz\iL —9827 —8118 —4666 —2165 —1408 —389 —11.83 —872.8
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TABLE B.8

Expected OOS MV Utilities under Different Estimation Windows 7’

This table reports the expected out-of-sample (OOS) mean-variance (MV) utilities of the implementable combined portfolios in Sets 1-4 of
Table together with their counterparts based on the nonlinear shrinkage covariance matrix of |Ledoit and Wolf (2020) (superscript NL), under the
estimation windows 7" = 60 and T = 240. The risk aversion coefficient is fixed at v = 5, and the target factor levels s are the same as in Table

The benchmark portfolios are defined in Tublc and the superscript LW denotes the linear shrinkage covariance matrix of|Ledoit and Wolf] (2004).

s 0.1090 0.1617 0.2889 0.4161 0.4688 0.5734 0.6913 0.8579
Panel A: T' = 60
Set 1: Apply the Sample Estimators in Equation
We-g 0.0152 0.0152 0.0150 0.0146 0.0144 0.0138 0.0130 0.0115
We.r 0.0135 0.0135 0.0135 0.0133 0.0132 0.0128 0.0122 0.0109
Set 2: Apply the Sophisticated Estimators in Equation (T3)
We-E 0.0139 0.0147 0.0160 0.0163 0.0162 0.0155 0.0140 0.0106
We.1 0.0146 0.0147 0.0150 0.0151 0.0150 0.0145 0.0134 0.0103
Set 3: Apply the Shrinkage Sample Estimators in Equation (22)
wW 0.0193 0.0192 0.0190 0.0186 0.0184 0.0179 0.0173 0.0160
i% 0.0179 0.0179 0.0179 0.0179 0.0178 0.0176 0.0171 0.0160
Set 4: Apply the Shrinkage Sophisticated Estimators in Equation (23)
~LW 0.0107 0.0113 0.0123 0.0125 0.0124 0.0119 0.0108 0.0082
”%‘}V 0.0114 0.0114 0.0114 0.0114 0.0114 0.0113 0.0106 0.0082
Nonlinear Shrinkage Covariance Matrix, Sample Estimators
WL 0.0179 0.0179 0.0178 0.0174 0.0172 0.0168 0.0161 0.0150
AT\I% 0.0167 0.0167 0.0167 0.0166 0.0166 0.0164 0.0160 0.0149
N onhnear Shrinkage Covariance Matrix, Sophisticated Estimators
wNL 0.0092 0.0098 0.0109 0.0113 0.0112 0.0108 0.0097 0.0073
”(NE 0.0102 0.0102 0.0102 0.0102 0.0102 0.0101 0.0096 0.0073
Benchmark Portfolios
Wmy —0.4714 —0.4706 —0.4693 —0.4688 —0.4689 —0.4695 —0.4710 —0.4743
wkW —0.0451 —0.0448 —0.0443 —0.0446 —0.0449 —0.0459 —0.0475 —0.0507
wk —0.0284 —0.0280 —0.0275 —0.0277 —0.0280 —0.0289 —0.0304 —0.0336
Wef —527.5 —430.1 —236.2 —100.7 —61.65 —13.83 —7.251 —83.44
wW —750.8 —622.5 —362.6 —-173 —115.1 —35.84 —3.593 —61.08
%L —5640 —4689 —2756 —1333 —893.8 —281.3 —5.347 —364.2

Panel B: T' = 240
Set 1: Apply the Sample Estimators in Equation

We B 0.0418 0.0419 0.0416 0.0410 0.0406 0.0396 0.0382 0.0355
We-1 0.0415 0.0415 0.0414 0.0409 0.0405 0.0396 0.0382 0.0355
Set 2: Apply the Sophisticated Estimators in Equation (T3)
We-g 0.0415 0.0417 0.0417 0.0411 0.0407 0.0396 0.0380 0.0349
We 1 0.0414 0.0414 0.0414 0.0409 0.0406 0.0396 0.0380 0.0349
Set 3: Apply the Shrinkage Sample Estimators in Equation (22)
wW 0.0416 0.0416 0.0414 0.0408 0.0404 0.0395 0.0381 0.0355
i‘% 0.0411 0.0411 0.0410 0.0406 0.0403 0.0394 0.0381 0.0355
Set 4: Apply the Shrinkage Sophisticated Estimators in Equation (23)
wLW 0.0406 0.0408 0.0408 0.0403 0.0399 0.0389 0.0373 0.0343
@E“}V 0.0403 0.0403 0.0403 0.0400 0.0397 0.0388 0.0373 0.0343
Nonlinear Shrinkage Covariance Matrix, Sample Estimators
WL 0.0409 0.0410 0.0408 0.0402 0.0398 0.0388 0.0374 0.0349
AT\IE 0.0404 0.0404 0.0403 0.0399 0.0396 0.0388 0.0374 0.0349
N onhnear Shrinkage Covariance Matrix, Sophisticated Estimators
wNL 0.0397 0.0399 0.0399 0.0394 0.0390 0.0380 0.0364 0.0335
”T\”; 0.0393 0.0393 0.0393 0.0391 0.0388 0.0379 0.0364 0.0335
Benchmark Portfolios
Wmy 0.0302 0.0304 0.0303 0.0298 0.0294 0.0283 0.0267 0.0236
wkW 0.0365 0.0366 0.0366 0.0360 0.0356 0.0345 0.0329 0.0298
wlL 0.0379 0.0380 0.0380 0.0374 0.0370 0.0360 0.0344 0.0313
Wet —13.05 —10.72 —6.05 —2.708 —1.712 —0.4132 —0.0266 —1.428
wIWV —3112 —2584 —1512 —725.9 —483.7 —148.1 —1.244 —211.9
'LZ;EiL —42.25 —35.1 —20.55 —9.88 —6.591 —2.029 -0.0232 —2.854
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B.3. Additional Results for the Empirical Study
B.3.1. Annualized Average Out-of-Sample Returns in the Empirical Study

Table presents the annualized sample means and standard deviations (reported in

parentheses) of OOS portfolio returns in the empirical study.

B.3.2. Results under the Sample and the Nonlinear Shrinkage Covariance Matrices

Tables and report the average portfolio ESG scores and the annualized certainty
equivalent returns of the portfolios constructed with the sample covariance matrix and with the
nonlinear shrinkage covariance estimator of |Ledoit and Wolf (2020). They are directly
comparable with Tables [6] and[7} Two patterns stand out. First, under the sample covariance
matrix, the portfolios based on the sophisticated estimators dominate their sample-form
counterparts at every asset universe size, consistent with the motivation of the corrections in |Kan
and Zhou (2007). Second, for the combined portfolios, the linear shrinkage estimator attains a
higher certainty equivalent return than the nonlinear one in every cell, whereas the ordering is
reversed for the plug-in portfolio w,,, at the three largest asset universe sizes, N = 55, 75 and
100.

For the ESG-unaware two-fund portfolio of |[Kan et al. (2022), the nonlinear version u?,le
attains annualized certainty equivalent returns of 0.1031, 0.0664, 0.0391, —0.0289, 0.0019,

0.0444, 0.0422 and 0.0430 across the eight asset universe sizes, which are lower than those of its

linear counterpart in Table (8| at every size.
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TABLE B.9

The Annualized Average OOS Returns for Portfolios

This table reports the annualized average out-of-sample (OOS) returns of the portfolios constructed with the linear shrinkage covariance matrix of
Ledoit and Wolf (2004) (superscript LW), with the annualized standard deviations in parentheses. Columns correspond to the asset universe size
N, Panels A—C to the target environmental, social, and governance (ESG) levels 5, and portfolio notation follows Tublem The risk aversion

coefficient is set at v = 5 and the estimation window at 7' = 120.

N 6 10 15 25 35 55 75 100
Panel A: 5 = 0.5630
W 0.3683 0.2352 0.2496 0.1691 0.1932 0.2143 0.1393 0.1034
(0.3520) (0.2487) (0.2834) (0.2611) (0.2645) (0.2476) (0.1842) (0.1471)
Wi 0.3559 0.1959 0.1557 0.1168 0.1180 0.1149 0.1120 0.1044
(0.3376) (0.1820) (0.1744) (0.1506) (0.1428) (0.1413) (0.1424) (0.1446)
Wi 0.3280 0.2821 0.2916 0.1759 0.1852 0.2087 0.1347 0.1023
(0.2811) (0.2766) (0.3087) (0.2691) (0.2692) (0.2489) (0.1848) (0.1472)
WY 0.3105 0.2437 0.1989 0.1238 0.1096 0.1078 0.1021 0.0987
(0.2520) (0.2132) (0.2068) (0.1599) (0.1493) (0.1421) (0.1424) (0.1444)
why 0.4400 0.3392 0.4769 0.3524 0.5103 0.9212 0.6997 04717
(0.4610) (0.4802) (0.6428) (0.7837) (1.01) (1.51) (1.87) (2.43)
wW —1.46 -1.14 —1.65 —7.20 0.2172 0.1247 —0.7476 —0.9330
(6.02) (3.26) (1.77) (25.66) 4.32) @21 (2.60) 4.79)
Panel B: 5 = 0.7018
w 0.3298 0.2476 0.2552 0.1679 0.1886 0.2120 0.1351 0.1024
(0.2904) (0.2518) (0.2848) (0.2608) (0.2648) (0.2476) (0.1843) (0.1472)
wtW 0.3150 0.2096 0.1622 0.1153 0.1113 0.1106 0.1005 0.0977
(0.2651) (0.1851) (0.1761) (0.1496) (0.1432) (0.1409) (0.1420) (0.1447)
kW 0.3284 0.2858 0.2912 0.1723 0.1823 0.2070 0.1331 0.1020
(0.2813) (0.2776) (0.3089) (0.2684) (0.2688) (0.2490) (0.1848) (0.1472)
wtW 0.3110 0.2477 0.1983 0.1195 0.1055 0.1056 0.0979 0.0969
(0.2518) (0.2146) (0.2075) (0.1594) (0.1491) (0.1426) (0.1426) (0.1448)
whW 0.3991 0.3528 0.4834 0.3509 0.5037 0.9168 0.6882 0.4650
(0.4088) (0.4834) (0.6441) (0.7835) (1.01) (1.51) (1.87) (2.43)
WiV —0.4494 112 0.1368 —1.26 —2.01 —0.1820 1.01 1.16
2.73) (2.92) (1.04) (5.25) (6.10) (2.55) (.21) (3.70)
Panel C: 5 = 0.8059
WY 0.3009 0.2569 0.2594 0.1670 0.1851 0.2102 0.1319 0.1016
(0.2681) (0.2562) (0.2873) (0.2616) (0.2657) (0.2480) (0.1845) (0.1473)
oW 0.2843 0.2198 0.1671 0.1142 0.1063 0.1074 0.0919 0.0927
(0.2385) (0.1908) (0.1803) (0.1516) (0.1462) (0.1431) (0.1438) (0.1465)
W 0.3187 0.2889 0.2912 0.1696 0.1789 0.2066 0.1313 0.1015
(0.2780) (0.2795) (0.3096) (0.2680) (0.2687) (0.2491) (0.1848) (0.1473)
wlW 0.3018 0.2511 0.1988 0.1171 0.1002 0.1049 0.0916 0.0927
(0.2488) (0.2174) (0.2092) (0.1599) (0.1505) (0.1441) (0.1439) (0.1465)
whW 0.3684 0.3631 0.4883 0.3498 0.4987 0.9136 0.6796 0.4599
(0.3905) (0.4871) (0.6459) (0.7839) (1.01) (1.51) (1.87) (2.43)
W 0.3103 2.81 1.47 3.20 —3.67 —0.4120 233 272
(0.7829) (7.03) (6.65) (10.40) (12.69) (4.55) (4.87) (9.55)
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TABLE B.10

The Portfolio ESG Scores under the Sample and Nonlinear Shrinkage Covariance Matrices

This table reports the average portfolio environmental, social, and governance (ESG) scores across rolling windows, with standard deviations in
parentheses. Portfolios are constructed with the sample covariance matrix or the nonlinear shrinkage covariance matrix of |[Ledoit and Wolf (2020)
(superscript NL). Columns correspond to the asset universe size N, Panels A—C to the target ESG levels 5, and portfolio notation follows 'I‘uhle
The equality-constrained portfolios under the sophisticated estimators attain the target 5 exactly in every rolling window, as do the plug-in

portfolios; their rows are therefore omitted. The risk aversion coefficient is set at ¥ = 5 and the estimation window at 7" = 120.

N 6 10 15 25 35 55 75 100

Panel A: 5 = 0.5630
Sample Covariance Matrix

We-g 0.5753 0.5616 0.5604 0.5780 0.5737 0.5983 0.6046 0.6512
(0.005) (0.011) (0.021) (0.038) (0.042) (0.087) (0.102) (0.185)
W1 0.8283 0.9674 0.9784 0.9031 0.7873 0.7364 0.6912 0.7276
(0.250) (0.520) (0.587) (0.459) (0.357) (0.266) (0.231) (0.210)
W1 0.8263 0.9701 0.9847 0.9001 0.7869 0.7326 0.6818 0.7037
(0.252) (0.517) (0.582) (0.460) (0.356) (0.263) (0.223) (0.191)
Nonlinear Shrinkage Covariance Matrix
11310\1]1:,; 0.5749 0.5639 0.5641 0.5832 0.5868 0.6148 0.6264 0.6359
(0.005) (0.010) (0.016) (0.025) (0.023) (0.044) (0.047) (0.056)
11321% 0.8143 0.9044 0.8963 0.8038 0.7099 0.6939 0.6506 0.6425
(0.229) (0.436) (0.457) (0.288) (0.190) (0.132) (0.073) (0.062)
11;21% 0.8125 0.9059 0.9002 0.7973 0.7003 0.6837 0.6371 0.6342
(0.231) (0.435) (0.454) (0.292) (0.196) (0.137) (0.077) (0.066)

Panel B: 5 = 0.7018
Sample Covariance Matrix

We-E 0.7060 0.6877 0.6807 0.6867 0.6709 0.6723 0.6555 0.6732
(0.005) (0.011) (0.021) (0.038) (0.042) (0.087) (0.102) (0.185)
W1 0.8714 1.0256 1.0341 0.9609 0.8507 0.7813 0.7269 0.7397
(0.210) (0.476) (0.548) (0.418) (0.318) (0.239) (0.215) (0.206)
W1 0.8719 1.0353 1.0495 0.9738 0.8777 0.8183 0.7762 0.7802
(0.210) (0.469) (0.538) (0.409) (0.301) (0.212) (0.179) (0.142)
Nonlinear Shrinkage Covariance Matrix
1132‘}5 0.7056 0.6899 0.6844 0.6919 0.6840 0.6888 0.6773 0.6578
(0.005) (0.010) (0.016) (0.025) (0.023) (0.044) (0.047) (0.056)
1321% 0.8570 0.9647 0.9521 0.8589 0.7677 0.7353 0.6861 0.6586
(0.188) (0.391) (0.418) (0.247) (0.153) (0.102) (0.057) (0.057)
’lfii\l}‘ 0.8577 0.9733 0.9647 0.8674 0.7833 0.7545 0.7136 0.7091
(0.188) (0.385) (0.410) (0.240) (0.143) (0.084) (0.027) (0.015)

Panel C: 5 = 0.8059
Sample Covariance Matrix

We. g 0.8040 0.7823 0.7709 0.7683 0.7438 0.7278 0.6937 0.6897
(0.005) (0.011) (0.021) (0.038) (0.042) (0.087) (0.102) (0.185)

We-1 0.9136 1.0747 1.0850 1.0088 0.8996 0.8176 0.7547 0.7492
(0.181) (0.441) (0.516) (0.387) (0.290) (0.220) (0.204) (0.203)

W1 0.9156 1.0907 1.1097 1.0362 0.9485 0.8907 0.8568 0.8534
(0.180) (0.431) (0.500) (0.369) (0.261) (0.174) (0.148) (0.106)

Nonlinear Shrinkage Covariance Matrix

11;16\1%3 0.8037 0.7845 0.7746 0.7735 0.7568 0.7443 0.7155 0.6743
(0.005) (0.010) (0.016) (0.025) (0.023) (0.044) (0.047) (0.056)

11;21}“ 0.8990 1.0161 1.0046 0.9069 0.8165 0.7720 0.7183 0.6743
(0.159) (0.355) (0.385) (0.215) (0.126) (0.082) (0.050) (0.056)

’lI)EI}“ 0.9012 1.0311 1.0267 0.9298 0.8552 0.8269 0.8062 0.8059
(0.158) (0.345) (0.372) (0.200) (0.106) (0.046) (0.003) 0.0
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TABLE B.11

Annualized CERs under the Sample and Nonlinear Shrinkage Covariance Matrices

This table reports the annualized certainty equivalent returns (CERs) of the implementable combined portfolios and the plug-in portfolios
constructed with the sample covariance matrix and the nonlinear shrinkage covariance matrix of|Ledoit and Wolf (2020) (superscript NL).
Columns correspond to the asset universe size IV, Panels A—C to the target environmental, social, and governance (ESG) levels 5, and portfolio
notation follows Table m Entries of the plug-in portfolios are reported to two decimal places when their magnitude exceeds one. Within each panel
and for each covariance matrix, the highest certainty equivalent return in each column is shown in bold. The risk aversion coefficient is set at

v = 5 and the estimation window at 7" = 120.

N 6 10 15 25 35 55 75 100

Panel A: 5 = 0.5630
Sample Covariance Matrix

We.p 0.0370 0.0544 —0.0091 —0.1130 —0.1355 —0.2040 —0.2787 —0.5383
We. 0.0542 0.1025 0.0513 0.0373 0.0389 0.0696 0.0075 —0.2098
We.g 0.1092 0.0425 —0.0336 —0.1416 —0.1711 —0.2324 —0.2992 —0.5555
We.t 0.1406 0.0982 0.0390 0.0172 0.0093 0.0426 —0.0153 —0.1990
Wiy —0.1284 —0.3224 —0.8112 —2.07 —4.21 —16.37 —53.93 —733.24
Wes —224.99 —0.3265 —2.33 —29.57 —2.48 —39.36 —84.16 —334.02
Nonlinear Shrinkage Covariance Matrix
WL 0.0463 0.0747 0.0299 —0.0203 0.0076 0.0499 0.0448 0.0438
wﬁg 0.0605 0.1085 0.0637 0.0490 0.0527 0.0501 0.0522 0.0484
wTV_L 0.1225 0.0760 0.0284 —0.0294 —0.0052 0.0438 0.0399 0.0428
ﬁ;ﬁ{é 0.1478 0.1158 0.0716 0.0445 0.0413 0.0438 0.0412 0.0431
wﬁ% —0.1089 —0.2471 —0.5959 —1.30 —2.07 —4.28 —6.43 —9.46
Nk —98.22 —16.18 —28.78 —1.49 —2.00 —67.22 —1019.15 —19.03

Panel B: 5 = 0.7018
Sample Covariance Matrix

We. B 0.1021 0.0628 —0.0056 —0.1142 —0.1398 —0.2038 —0.2820 —0.5373
We-g 0.1291 0.1128 0.0562 0.0361 0.0330 0.0663 —0.0022 —0.2048
We.r 0.1105 0.0439 —0.0356 —0.1418 —0.1741 —0.2307 —0.3018 —0.5545
W1 0.1426 0.0999 0.0362 0.0157 0.0034 0.0406 —0.0230 —0.2042
Wy —0.0535 —0.3154 —0.8092 —2.08 —4.22 —16.35 —53.93 —733.13
Wef —50.86 —1.50 —25.27 —21.30 —2.66 —123.92 —155.49 —121.38
Nonlinear Shrinkage Covariance Matrix
ﬁ)NIE 0.1103 0.0831 0.0340 —0.0202 0.0036 0.0482 0.0406 0.0425
ﬁ;ﬁ,{L 0.1332 0.1187 0.0693 0.0495 0.0473 0.0470 0.0411 0.0408
'zD(N? 0.1232 0.0777 0.0258 —0.0312 —0.0076 0.0430 0.0387 0.0422
11116\{1‘ 0.1491 0.1178 0.0683 0.0420 0.0378 0.0418 0.0382 0.0399
wﬁf; —0.0331 —0.2401 —0.5929 —1.30 —2.08 —4.28 —6.44 —9.47
Wk —21.98 —65.79 —4.91 —6.38 —32.63 —19.12 —21.67 —59.35

Panel C: 5 = 0.8059
Sample Covariance Matrix

We- 0.1082 0.0665 —0.0050 —0.1164 —0.1441 —0.2042 —0.2849 —0.5367
We.E 0.1371 0.1173 0.0570 0.0330 0.0263 0.0615 —0.0123 —0.2055
We-1 0.1069 0.0434 —0.0385 —0.1428 —0.1779 —0.2295 —0.3034 —0.5537
We.r 0.1388 0.0991 0.0324 0.0132 —0.0031 0.0386 —0.0295 —0.2076
Wmy —0.0454 —0.3134 —0.8104 —2.08 —4.22 —16.33 —53.93 —1733.05
Wet —1.50 —4.03 —79.28 —73.83 —11.15 —422.24 —231.42 —145.68
Nonlinear Shrinkage Covariance Matrix
wNL 0.1153 0.0867 0.0350 —0.0213 —0.0003 0.0465 0.0372 0.0415
u”)f\lg 0.1392 0.1231 0.0707 0.0478 0.0413 0.0430 0.0312 0.0340
w(f\fL 0.1184 0.0774 0.0234 —0.0325 —0.0101 0.0420 0.0366 0.0415
u”;lc\lff 0.1442 0.1171 0.0650 0.0395 0.0323 0.0398 0.0311 0.0340
wﬁ% —0.0248 —0.2381 —0.5934 —1.30 —2.09 —4.28 —6.45 —9.48
wN —0.5905 —137.93 —52.14 —20.28 —105.55 —106.45 —262.65 —203.90
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B.3.3. Utilities under Different Risk Aversion Coefficients

We repeat the empirical analysis with the risk aversion coefficients v = 3 and 10, holding
the estimation window 7" = 120 and the target levels unchanged. Table [B.12]reports the
annualized certainty equivalent returns under both risk aversion coefficients. Varying the risk
aversion coefficient shifts the level of the certainty equivalent returns but leaves the comparisons

across estimators and formulations in Section|[V.C essentially unchanged.
TABLE B.12

Annualized Certainty Equivalent Returns under Alternative Risk Aversion Coefficients

This table reports the annualized certainty equivalent returns under the risk aversion coefficients v = 3 and 10, with the estimation window fixed
at 7' = 120 and the target level fixed at 5 = 0.7018; the patterns at the other two target levels (0.5630, 0.8059) are the same. The baseline case
v = 5 is reported in Tablesand Entries of the plug-in portfolios are reported to two decimal places when their magnitude exceeds one.
Within each panel, the highest certainty equivalent return in each column is shown in bold. The superscripts LW and NL denote the linear and
nonlinear shrinkage covariance matrices of|Ledoit and Wolf (2004) and |[Ledoit and Wolf (2020), respectively. Columns correspond to the asset

universe size N, and portfolio notation follows 'l'uhlem

N 6 10 15 25 35 55 75 100
Panel A: v = 3
Linear Shrinkage Covariance Matrix
wW 0.1824 0.1060 0.0635 —0.0219 0.0043 0.0824 0.0706 0.0705
wiﬁ 0.2141 0.1593 0.1138 0.0777 0.0838 0.0857 0.0707 0.0663
ﬁ;i\% 0.1902 0.1165 0.0676 —0.0293 —0.0150 0.0721 0.0668 0.0699
'Lbi‘%’ 0.2237 0.1778 0.1272 0.0742 0.0670 0.0761 0.0667 0.0654
w,%,‘éf —0.0333 —0.4158 —0.9353 —1.98 —3.44 —7.99 —13.48 —23.76
wgfw —11.60 —11.67 —1.49 —42.55 —57.89 —-9.90 —6.30 —19.38
Nonlinear Shrinkage Covariance Matrix
WL 0.1718 0.0990 0.0397 —0.0460 —0.0037 0.0731 0.0603 0.0622
u”;lc\lg 0.2087 0.1547 0.0961 0.0682 0.0710 0.0702 0.0607 0.0601
w(f\fL 0.1807 0.0937 0.0309 —0.0620 —0.0221 0.0651 0.0574 0.0618
1I;IC\I§ 0.2217 0.1569 0.0999 0.0578 0.0553 0.0627 0.0572 0.0592
12;@1]; —0.0567 —0.4307 —0.9963 —2.18 —3.48 —7.13 —10.75 —15.78
wlit —12.82 —40.14 —2.75 —3.49 —19.59 —10.95 —12.58 —36.17

Panel B: v = 10
Linear Shrinkage Covariance Matrix

wiW —0.0325 0.0349 0.0043 —0.0225 —0.0145 0.0071 —0.0002 —0.0050
wW —0.0232 0.0556 0.0229 0.0103 0.0077 0.0084 —0.0005 —0.0070
w?‘? 0.0040 0.0339 0.0026 —0.0265 —0.0206 0.0033 —0.0018 —0.0052
wkW 0.0174 0.0569 0.0242 0.0077 0.0020 0.0044 —0.0031 —0.0082
wg‘ﬁf —0.1143 —0.1347 —0.3079 —0.6213 —1.05 —2.41 —4.05 —7.16
wlW —37.61 —41.51 —5.27 —138.88 —188.28 —32.57 —23.35 —67.30
Nonlinear Shrinkage Covariance Matrix
wNL —0.0400 0.0293 —0.0106 —0.0365 —0.0253 —0.0036 —0.0075 —0.0058
w'ﬁ‘E —0.0303 0.0496 0.0085 —0.0003 —0.0051 —0.0038 —0.0070 —0.0074
uﬁ“? —0.0023 0.0234 —0.0175 —0.0430 —0.0308 —0.0069 —0.0088 —0.0061
wﬁfL 0.0129 0.0458 0.0056 —0.0052 —0.0101 —0.0073 —0.0099 —0.0085
wﬁé —0.1223 —0.1392 —0.3311 —0.6822 —1.06 —2.17 —3.24 —4.77
WL —44.89 —129.90 —10.32 —13.60 —65.25 —39.53 —44.39 —117.30
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B.3.4. Utilities under Different Estimation Windows

We repeat the empirical analysis with the estimation windows 1" = 60 and 1" = 240,
holding v = 5 and the target levels unchanged. Each estimation window consists of the most
recent 1" weeks before the corresponding investment week. For 7" = 60, the estimation window
for the first investment week of 2014 is formed from the historical returns prior to this date, which
extend back to 2011-09-19, in the same way as in the baseline case 7' = 120. The OOS weeks are
therefore identical to those of the baseline, and the results are comparable cell by cell.

For T" = 60, the asset universe sizes are restricted to N < 35. The moment conditions
underlying our expressions require 7' > N + 3, which already rules out N > 75. At N = 55 this
condition is formally satisfied, but the ratio /T is close to one, and the estimation error then
dominates the combination coefficients and the resulting portfolios become unstable, so we omit
this case as well. For T = 240, the historical returns provide only 120 weeks before the first
investment week of 2014, so the estimation window cannot be formed there. The first investment
week is instead deferred to the first week preceded by 240 observations, and the OOS period starts
on 2016-04-25 and is accordingly shorter than that of the baseline.

Table reports the annualized certainty equivalent returns under both estimation
windows. The estimation window governs the size of the sophisticated corrections, which grow
with NV relative to 7'. Under the shorter window 7' = 60, the corrections are large, and the
sample-form estimators generally outperform the sophisticated estimators at N = 35, compared
with NV = 75 in the baseline case 7" = 120. Under the longer window 7' = 240, the corrections

are mild, and the sophisticated estimators deliver higher certainty equivalent returns in nearly
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every case. Both patterns are consistent with the double adjustment discussed in the second

observation of Section[V.C.

TABLE B.13
Annualized Certainty Equivalent Returns under Alternative Estimation Windows

This table reports the annualized certainty equivalent returns under the estimation windows 7" = 60 and T" = 240, with the risk aversion
coefficient fixed at v = 5 and the target level fixed at § = 0.7018; the patterns at the other two target levels (0.5630, 0.8059) are the same. The
baseline case 7' = 120 is reported in 'I‘uhlesand For T' = 60, the out-of-sample (OOS) weeks are identical to the baseline, and the entries
for N > 55 are omitted (denoted by “—). For T' = 240, the OOS period starts in April 2016. Entries of the plug-in portfolios are reported to two
decimal places when their magnitude exceeds one. Within each panel, the highest certainty equivalent return in each column is shown in bold. The

superscripts LW and NL denote the linear and nonlinear shrinkage covariance matrices of [Ledoit and Wolf|(2004) and [Ledoit and Wolf (2020),

respectively. Columns correspond to the asset universe size IV, and portfolio notation follows 'l'ablem

N 6 10 15 25 35 55 75 100

Panel A: T' = 60

Linear Shrinkage Covariance Matrix
wiW 0.1007 0.0411 0.0729 0.0616 0.0627 — — —
ww 0.1344 0.1035 0.1016 0.0786 0.0593 — — —
whW 0.0866 0.0490 0.0763 0.0489 0.0571 — — —
wW 0.1245 0.1187 0.1107 0.0686 0.0550 — _ _
wLW —0.2144 —0.7038 —1.33 —2.87 —5.22 — _ _
wW —4.57 —191.56 —657.23 —54.47 —436.15 — _ _

Nonlinear Shrinkage Covariance Matrix
wL 0.0681 0.0175 0.0517 0.0340 0.0552 — — —
wlh 0.1085 0.0862 0.0874 0.0642 0.0549 — _ _
wil 0.0418 0.0180 0.0546 0.0172 0.0508 — — _
Wi 0.0888 0.0944 0.1006 0.0510 0.0515 — — —
wlb —0.2937 —0.8039 —1.52 —3.34 —5.46 — — _
wit —8.91 —309.65 —14282.43 —69.50 —1.55 — — _

Panel B: T' = 240
Linear Shrinkage Covariance Matrix

wtW 0.1047 0.1249 0.0980 0.0521 0.0327 —0.0144 0.0052 0.0026
wiW 0.1021 0.1280 0.1192 0.0781 0.0659 0.0370 0.0562 0.0377
W 0.1061 0.1153 0.0905 0.0438 0.0174 —0.0241 0.0034 0.0016
wW 0.1073 0.1213 0.1145 0.0715 0.0501 0.0286 0.0548 0.0371
whW 0.0641 0.0154 —0.1672 —0.4422 —0.8474 —1.83 —2.99 —5.04
kW —1359.73 —24.35 —1.66 —0.4861 —0.6522 -2.19 —8.52 —42.13
Nonlinear Shrinkage Covariance Matrix
wlk 0.0999 0.1197 0.0854 0.0367 0.0222 —0.0134 0.0127 0.0117
Wik 0.0957 0.1241 0.1087 0.0705 0.0570 0.0331 0.0480 0.0307
wlk 0.0949 0.1026 0.0697 0.0241 0.0074 —0.0218 0.0115 0.0116
wlk 0.0958 0.1103 0.0976 0.0606 0.0423 0.0258 0.0470 0.0306
whk 0.0609 0.0054 —0.1870 —0.4953 —0.8740 —1.77 —2.69 —4.11
Wit —1020.14 —3.97 —4.25 —48.89 —180.93 —9.02 —1.05 —4.02

98



	Introduction
	Constrained Mean-Variance Framework
	Estimation Risk and Combination Rules
	Optimization with Expected Factor Constraints
	Optimal Combined Portfolio
	Implementable Combined Portfolio
	Extension to an Inequality Factor Constraint
	Selection of the Target Factor Exposure

	Numerical Studies for ESG Applications
	The Setup and Portfolio Strategies
	Simulation Study
	The Portfolio ESG Scores
	Out-of-Sample MV Utilities

	Empirical Study

	Conclusion
	Appendices
	Proofs
	Proof of Lemma 1
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Proposition 3 
	Proof of Proposition 4
	Proof of Corollary 1
	Calculation of the Sophisticated Estimators
	Proof of Proposition 5
	Proof of Proposition 6
	Proof of Corollary 2
	Proof of Proposition 7
	Differences between Implementable Portfolios

	Additional Numerical Results
	List of Stock Tickers 
	List of the Components from the DJ30 
	List of the Components from the S&P 500 

	Additional Results for the Simulation Study
	Additional Results on the Equality and Inequality Formulations
	Expected OOS MV Utilities of the Oracle Portfolios
	Out-of-Sample Mean in the Simulation Study
	Results under the Nonlinear Shrinkage Covariance Matrix
	Utilities under Different Risk Aversion Coefficients
	Utilities under Different Estimation Windows

	Additional Results for the Empirical Study
	Annualized Average Out-of-Sample Returns in the Empirical Study
	Results under the Sample and the Nonlinear Shrinkage Covariance Matrices
	Utilities under Different Risk Aversion Coefficients
	Utilities under Different Estimation Windows



